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LECTURE No. 1
INTRODUCTION

- Calculus 1s the mathematical tool used to analyze changes in physical quantities,
— Calculus 1s also Mathematics of Motion and Change.

- Where there is motion or growth, where variable forces are at work producing
acceleration, Calculus is right mathematics to apply.

Differential Calculus deals with the Problem of Finding
(1) Rate of change
(2) Slope of curve

Velocities and acceleration of moving bodies. Firing angles that give cannons their
maximum range. The times when planets would be closest together or farthest apart.

Integral Calculus deals with the Problem of determining a function from information
about its rates of Change.

Integral Calculus enables us

(1) To calculate lengths of curves.

(2) To find areas of irregular regions in plane.

(3) To find the volumes and masses of arbitrary solids

(4) To calculate the future location of a body from its present position and knowledge of
the forces acting on it.

Reference Axis System

Before giving the concept of Reference Axis System, we recall you the concept of real
line and locate some points on the real line as shown in the figure below, also remember
that the real number system consist of both Rational and Irrational numbers that is we can
write set of real numbers as union of rational and irrational numbers.
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Here in the above figure, we have located some of the rational as well as irrational
numbers and also note that there are infinite real numbers between every two real
numbers.

Now if you are working in two dimensions, then you know that we take the two mutually
perpendicular lines and call the horizontal line as x-axis and vertical line as y-axis and
where these lines cut we take that point as origin. Now any point on the x-axis will be
denoted by an order pair whose first element which is also known as abscissa 1s a real
number and other element of the order pair which 1s also known as ordinate will have ()

values, i.e. (x, 0)



Similarly any point on the y-axis can be representing by an order pair (U, 1] Some

points are shown in the figure below. Also note that these lines divide the plane into four
regions: First, Second, Third and Fourth quadrants respectively. We take the positive real
numbers at the right side of the origin and negative to the left side, in the case of x-axis.
Similarly for y-axis and also shown in the figure.
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Location of a point

Now we will illustrate how to locate the point in the plane using x- and y- axes. Draw
two perpendicular lines from the point whose position is to be determined. These lines
will intersect at some point on the x-axis and y-axis and we can find out these points.
Now the distance of the point of intersection of x-axis and perpendicular line from the
origin is the x-coordinate of the point P and similarly the distance from the origin to the
point of intersection of y-axis and perpendicular line is the y-coordinate of the point P as
shown in the figure below.
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Cartesian coordinates,

In space. we have three mutually perpendicular lines as reference axes, namely x ,y and z
axis, Now you can see from the figure below that the planes x =0,y =0 and z = 0 divide
the space into eight octants. Also note that in this case we have (0,0.0) as origin and any
point in the space will have three coordinates.

Signs of coordinates in different octants

First of all note that the equation x = () represents a plane in the 3d space and in this plane
every point has its x-coordinate as 0, also that plane passes through the origin as shown in
the figure above. Similarly y = 0 and z = 0 also define a plane in 3d space and have
properties similar to that of x = 0 such that these planes also pass through the origin and



any point in the plane y = 0 will have y-coordinate as () and any point in the plane z = 0
has z-coordinate as 0.

Theplanes x =0, y =0, and z = 0
divide space into eight octants.

Also remember that when two planes intersect we get the equation of a line and when two
lines intersect then we get a plane containing these two lines. Now note that by the
intersection of the planes x = 0 and z = 0 we get the line which is our y-axis.

Also by the intersection of x = 0 and y = 0 we get the line which 1s z-axis, similarly you
can easily see that by the mntersection of z=0 and y = 0 we get line which is x-axis.

Now these three planes divide the 3d space into eight octants depending on the positive
and negative direction of axis. The octant in which every coordinate of any point has
positive sign is known as first octant formed by the positive x, y and z —axes. Similarly in
second octant every point has x-coordinate as negative and other two coordinates as
positive correspond to negative x-axis and positive y and z axis.

Now one octant is that in which every point has x and y coordinate negative and z-
coordinate positive, which is known as the third octant. Similarly we have eight octants
depending on the sign of coordinates of a point, These are summarized below.

First octant (+, +, +)  Formed by positive sides of the three axis.
Second octant (= + + )  Formed by —ve x-axis and positive y and z-axis.
Third octant (-. - +) Formed by —ve x and y axis with positive z-axis.
Fourth octant (+, -, +) Formed by +ve x and z axis and —ve y-axis.
Fifth octant (+. +. -)  Formed by +ve x and y axis with -ve z-axis.
Sixth octant (-, +. =) Formed by —ve x and z axis with positive y-axis.
Seventh octant (-.—. —-)  Formed by —ve sides of three axis.

Eighth octant (+. —. —) Formed by -ve y and z-axis with +ve x-axis.

(Remember that we have two sides of any axis one of positive values and the other is of
negative values) Now as we told you that in space we have three mutually perpendicular
lines as reference axis. So far you are familiar with the reference axis for 2d which
consist of two perpendicular lines namely x-axis and y-axis. For the reference axis of 3d



space we need another perpendicular axis which can be obtained by the cross product of
the two vectors, now the direction of that vector can be obtained by Right Hand rule. This
is illustrated below with diagram.
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The Cartevian caordinate system s
right-handed.

Concept of a Function
Historically, the term, function denotes the dependence of one quantity on other quantity.
The quantity x is called the independent variable and the quantity y is called the

dependent variable. We write itas y = f(x) and we read y is a function of x.

For example. the equation y = 2x defines y as a function of x because each value
assigned to x determines unique value of v.

Examples of function

- The area of a circle depends on its radius r by the equation A= nr* so, we say that
A is a function of r.

- The volume of a cube depends on the length of its side x by the equation V= x’
so, we say that V is a function of x.

- The velocity V of a ball falling freely in the earth’s gravitational field increases
with time t until it hits the ground, so we say that V is function of t.

- In a bacteria culture, the number n of present after one day of growth depends on
the number N of bacteria present initially, so we say that N is function of n.

Function of Several Variables
Many functions depend on more than one independent variable.
Examples
1) The area of a rectangle depends on its length / and width w by the equation
A =1w . so we say that A is a function of / and w.
2) The volume of a rectangular box depends on the length /, width w and height /1 by the
equation V =1/ w h so, we say that Vis a function of /, w and h.
3) The area of a triangle depends on its base length / and height & by the equation

A:l I xh , so we say that A is a function of / and £,

2
4) The volume V of a right circular cylinder depends on its radius r and height h by the

equation V = 7 r°h so, we say that V is a function of r and h.



LECTURE No. 2

VALUES OF FUNCTIONS
Example 1:Consider the function f (x) = 2x° =1, then f(1)=2(1) =1=1

FA)=2(4)-1=31 f(-2) =2(-2) -1 =7
f(’_‘i) :2("4)2 —1= 2¢*-16t + 31

These are the values of the function at some points.
Example 2 : Now we will consider a function of two variables, so consider the function

f(xy) =xy+lthen f(2.1) =(2)1+1=5, f(L2) =(1)"2+1=3,
£(0,0) =(0) 0+1=1,  f(1,-3) =(1) (-3)+1=-2,

f(3a,a) =(3a) a+1=9a*+1, f(ab,a-b) =(ab) (a=b)+1=a’b*-a’b’ +1

These are values of the function at some points.

Example 3: Now consider the function f(x, y)=x+ *\/xy, then

(@) F(2.4)=2+J(2)d) =2+ J8=2+2=4
(b) f(t.t7) =1+ Yt =t+ EJI?:I+I:2I
{C}f(.r*.rz_) =X+ 3\/(.1'){.1’2) =X+ 3\/.1?:.1'-1-‘1': 2x

(d) F(2y*,4y)=2y"+ 3\](23-3)(43,-) =232+ /8y =2y +2y
Example 4: Now again we take another function of three variables

- ' 2 2 2 11 1Y 1) 1
f(-‘f..}r,,.;Jz.Jl—.l = == then f(ﬁj E JIG(ZJ _(E] _\[;.

Example 5: Consider the function f(x,v,z) =xy°z +3, then at certain points we have
F212) =07 () +3=19,  £(0.0.0) =(0)(0)'(0) +3=3
f(aa.a) =(a)(a) (a) +3=a"+3.  f(re'=t) =(0)(f*) (=) +3=~1" +3.

f(=3.L1) =(=3)(1) (1) +3=-3+3=0
Example 6: Consider the functionf (x,y,z) =x’y*z*, where x(1) =¢*, y(t)= rfand z(t) =

(@) £ (x0)0):20)) [T HOT 0] LTI =
(b) f(x(0).y(0) ,;0 :[x (0) ]-[_v (0) _‘ ;(())]“:[ 03]1[03]1[0]4:

Example 7: Let us consider the function f(x,y,z) = xyz + x. then

f [-‘f}',l,.rz] = (n){%}(x:) + XY = Xy Z+AY

X

Example 8:Let us consider g(x.y.z) =z Sin(xy), u(x.y.2z) =x'z,




v(x,3.2) =Pxyz, w(x,y,2)=— Y then

g( (x,5.2), (t v.z), w(x, 1*:)) = w(x,y.2) Sm( (x, ) 1*(.r.}',:))

Now by putting the values of these functions from the above equations, we get

g(u(x.2). v(x.y.2), w(x.y,2)) ==Sin[(¥'2*)( Pxyz) | == Sin(Px’yz*)

L L

Example 9:Consider the function g (., y) =Yy Sin(xzy) and u( x, _v) =Xy, v (x, _v) =7 XY,

then g (u(x,y), v(x, y)) = v(x,y) Sin([u(.r. y) Tv(.r, }’))

By putting the values of these functions we get

E(H(L \) r(,t, 1)) =T Xy Sin([x Vv ] ;;_w) = XY 5m( ISFT)
Function of One Variable: A function f of one real variable x is a rule that assigns a

unique real number f( x ) to each point x in some set D of the real line.
Function of two Variables: A function [ in two real variables x and vy, is a rule that

assigns unique real number f (x. ¥) to each point (x,y) in some set D of the xy-plane.
Function of three variables: A function f in three real variables x, y and z, is a rule

that assigns a unique real number f (t v, ") to each point (x.y.z) in some set D of three

dimensional space.

Function of n variables: A function f inn variable real variables x,, x,, x.,...... 5 X
is a rule that assigns a unique real number w = f (X, X;, Xy, x, ) to each point (x1,
o 4 D , Xa) [ n some set D of n dimensional space.
Circles and Disks:
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The parabola v = i

Parabola y = -x*




General equation of the Parabola opening upward or downward 1s of the form
y=f (1) —ax” +bx+c. Opening upward if @ >0, Opening downward if a <0

; - b -
The x-coordinate of the vertex is given by x, = - So the y-coordinate of the vertex
=
is ¥, = f(x,) The axis of symmetry isx = x,.
¥ Ay osf Vare tasw ¥y
A ayminielry Iunnh._urnnl \

o= axt b by
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Sketching of the graph of parabola v = ax*+bx + ¢

. 1 b
Finding vertex: x-coordinate of the vertex 1s given by x, = ——
2a
The y-coordinate of the vertex is y, = a x,”+b x, + ¢ . Hence vertex is V (x,, ¥,).
Example 10: Sketch the parabola y = — x™+ 4x
Solution :Since a = -1 < () because parabola is opening downward. Vertex occurs at
b 4

——
T

=2 Axis of symmetry is the vertical line x = 2.

r{ = — —

Ya 2(-1)
The y-coordinate of the vertex isy = —( 2)2 + 4(2) = 4. Hence vertex is V(2,4 ). The
zeros of the parabola (1.e. the point where the parabola meets x-axis) are the solutions to

-x +4x = 0, sox = Oandx = 4. Therefore, (0,0) and (4,0) lie on the parabola.
Also (1,3) and (3,3) lie on the parabola.
Graphof v = — x” + 4x

Verles (2. 1) emvaaxannnunm

—

— ——




Example 11: Sketch the parabola v =x"— 4x+3
Seolution: Sincea = 1 > ( , parabola is opening upward. Vertex occurs at

b -4 _ . : :
F = === = g—)- = 2. Axis of symmetry is the vertical line x = 2. The y co-

=

2a 2(1)
ordinate of the vertex isy = (2) - 4(2) + 3 = —1.Hence vertexis V (2, —1). The

zeros of the parabola (i.e. the point where the parabola meets x-axis) are the solutions to
x*— 4x + 3= 0,s0x = landx = 3 .Therefore (1,0) and (3,0) lie on the parabola.

Also (0 .3) and (4._, 3) lie on the parabola. Graph of y=x"-4x+3
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Hyperbola

Home Assignments:
In this lecture we recall some basic geometrical concepts which are prerequisite for this course

and you can find all these concepts in the chapter # 12 of your book Calculus By Howard
Anton.




LECTURE No.3
ELEMENTS OF THREE DIMENSIONAL GEOMETRY

Distance formula in three dimensions

Let P(x,y,z)and O(x,,y,,2,) be two points such that PQ is not parallel to one of the

coordinate axis Then PQ = \f(.lr1 —x) +(v,=v,) +(z,—z,)" Which is known as
Distance fromula between the points P and Q.

Example of distance formula
Let us consider the points A(3.2,4 ), B(6, 10, —1) and C(9,4,1), then

AB|=1/(6-3)2+ (10— 2)* + (-1-4)* =/98=72
AC|=A/(9-3)* + (4-2)"+(1-4)> =/49=7
BC|=(9-6) = (4=10)> = (1+1)* =/49=7

Mid point of two points

Let P(x,.y,.z;)and O(x,.v,.2,) be two points. If R(x,v,z) 1s the middle point of the
line segment PQ , then the coordinates of the middle point R(x, y, z) are given below:
4HTh ‘ - Yy T Y; _ S

2 2 | 2

Example 2: Let us consider two points A( 3,2.4 ) and B( 6, 10, —1), then the coordinates
3+6 2+10 4- 1] - (9 3]

X =

7' 2’ 2 2’ " g

Given a point, finding its Direction Cosines

of mid point of AB are(

P(xy)

From triangle we
can write
cos a = xr
cos p=yr

Direction Angles
The direction angles a. /. yof a line is defined as

« = Angle between line and the positive x-axis 3
/= Angle between line and the positive y-axis

Y = Angle between line and the positive z-axis Px v 2)

ral)

AN




10
By definition, each of these angles lie between Oand 7.

Direction Ratios: Cosines of direction angles are called direction cosines. Any multiple
of direction cosines are called direction numbers or direction ratios of the line L.

Direction angles of a Line

The angles which a line makes with positive X, y and z-axis are known as Direction
Angles. In the above figure, the blue line has direction angles as a, fand y which are the
angles which blue line makes with x, y and z-axes respectively.

Direction Cosines
Now if we take the cosine of the Direction Angles of a line, then we get the Direction
cosines of that line. So the Direction Cosines of the above line are given by
X A ﬁ }' }.-' : :
= , COsfl=—= , COSy=——=
or \/.1" +y 4z OF \f_r +y +z OF \/,r +y +z

Since, by distance formula, OP = \f(r - li])2 +(y- {])3 +{z~ [))3 = \/_l-l byl 47
Squaring and adding these equations (1), (2) and (3), we get

* f| -

COS =

2 2 3 b }1 7
COos @ + cos” ff +cos™ y = — | + 2 __.14 _&___
\/'r Ty vz \/-"L +y + \/I' +y +z°

2> . 2, 2 I

X Ty +2 X +y 4z

— = | = 1 v | . | -— l
2 2 2\ X"+ v 4+
(Feyez) **

cos’a + cos” B +cos”y =1
Direction cosines and direction ratios of a line joining two points
For a line joining two points P(x,, y,,z )and Q(x,,,,2,).

the direction ratios are x, -x,, v,-y,and z, -z,

Vi—¥ . L= d
a0 i

and the directions cosines are ——-, an .

POl PO |PQ]
Example 3: Find direction cosines and direction ratios for a line joining two points
P(1,3,2) and Q(7.-2,3).

10




11
Solution: For a line joining two points P(1,3,2) and Q(7,-2,3), the direction ratios are
X,-x=T7-1=6, y,-y=-2-3=-5, Z,-2,=3-2=1

=

and the directions cosines are
6 -5 1

\/63-1-(—5)3 e \/6"’ +(—5):’-1.-ll | \/5" +(—5)z+13
6 -5 1
V62’ 62 62

Intersection of two surfaces

*Intersection of two surfaces is a curve in three dimensional space.

eIt is the reason that a curve in three dimensional space is represented by two equations
representing the intersecting surfaces.

Intersection of Cone and Sphere

Intersection of Two Planes

If the two planes are not parallel, then they intersect and their intersection is a straight
line. Thus. two non-parallel planes represent a straight line given by two simultaneous
linear equations in x, y and z and are known as non-symmetric form of equations of a
straight line.

The planes x = 0, v = 0, and == = 0O
divide space into eight octants.

11
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REGION DESCRIPTION EQUATION

xy-plane Consists of all points of the form

xz-plane Consists of all points of the form

yz-plane Consists of all points of the form

X-axis Consists of all points of the form

y-axis Consists of all points of the form

Z-axis Consists of all points of the form

Planes parallel to Coordinate Planes

General Equation of Plane

Any equation of the form ax + by +cz+d =0 represents a plane, where
a, b, ¢, d are real numbers.
Sphere

-....
3%

The standard equation of the |
sphere of radius a centered at (xo. Yo. o) 15

. . " 4
x — ) +{y—yo) +(z -2 =a The level surfaces of f{x, y, z) =

JX2 4 y? + 2?7 are concentric spheres.

2
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Right Circular Cone
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Horizontal Circular Cylinder
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Horizontal Elliptic Cvlinder

4

The circle

— i e— —
e o e

J—

(2.0, 0) — I

A

The circle x* +y* — 4, =z = 3.

Overview of Lecture #3

Chapter # 14
Three Dimensional Space
Page # 657

Book CALCULUS by HOWARD ANTON

14

14



LECTURE No.4

POLAR COORDINATES
QOutlines of the lecture:

0 Spherical Polar Coordinate

0 Cylindrical Polar Coordinate

You know that position of any point in the plane can be obtained by the two
perpendicular lines known as x and y axes and together we call 1t as Cartesian
coordinates for plane. Beside this coordinate system, we have another coordinate svstem
which can also be used for obtaining the position of any point in the plane. It 1s called
Polar coordinate system. In this coordinate system, we represent position of each particle

in the plane by rand & where rthe distance from a fixed point known as pole 1s O and &
1s the measure of the angle.

Pr, =)

L 1
0 Initial ray

Conversion formula from polar to Cartesian coordinates and vice versa

Pix,»1=P{r,8)

Now we convert the polar coordinates P(r.#) to Cartesian coordinates P( x. y )

From above diagram and remembering the trigonometric ratios we can write

X
—=cos? = x=rcost ——=—(1)
»
X . ; .
—=3smf = y=rsindf ———(2)
.

The equations (1) and (2) are used to convert the polar coordinates P( r.#) to Cartesian
coordinates P(x,v). Now we convert the Cartesian coordinates P( x. v ) into polar
coordinates P(r,#). Squaring equations (1) and (2), and adding them, we get,

X'+ y = (rcos 6’)3 +(rsind )E =5 (cnsz 0 + sin® 9)

X+ _vl =’ or r:\/f + f ——=——(3)
Dividing equation (2) by equation (1), we get

15
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L = tang ————(4)
X
The equations (3) and (4) are used to convert the Cartesian coordinates P( x. y) to polar

coordinates P(r.0).

Rectangular coordinates for three dimensions: Since you know that the position of
any point in the three dimensions can be obtained by the three mutually perpendicular
lines known as x, y and z — axes and also shown in figure below. These coordinate axes
are known as Rectangular coordinate system.

i -

Rectanguar coordinates
(x, v, =)

Cylindrical Coordinates: Beside the Rectangular coordinate system, we have another
coordinate system which is used for getting the position of the any particle in space,
known as the cylindrical coordinate system as shown in the figure below.

rf-

Cylwxincal coordinate s
tr, 8, =%
(r=20 0=<6 < 2 )

Spherical Coordinates: Beside the Rectangular and Cylindrical coordinate systems, we
have another coordinate system which 1s used for getting the position of the any particle
in space, known as the spherical coordinate system as shown in the figure below.

Spherical coordinales
i"_ . &H)H
(p>=0.0=80<=2x 0= = m
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Conversion formulas between Rectangular and Cylindrical coordinates
Now we will find out the relation between the Rectangular coordinate system and

Cylindrical coordinate system.
For this, consider any point P 1n the space and consider the position of this point in both

the coordinate systems as shown 1n the figure below:

=
L] 1 -
-
2V 0. =)
-
>
.--"'"F‘
o
B
= . -
-~ - »

In the above figure, we have the projection P'(r, @) of the point P(x, y,z)in the xy-
plane and write 1ts position in plane polar coordinates and also represent the angle@ .
Now from that projection, we draw perpendiculars P'A and P'B to both of the axes and
using the trigonometric ratios, find out the following relations:

X S

—=c0sf), —=smél, z=z

r r

Theretfore, x=rcosf), y=rsnf, z=z

These equations convert the polar coordinates P( r.€, z ) to Cartesian coordinates

P(x, y.2).

) V
rz\/:r" +}=3, tanfd==, z=z
X
These equations convert the Cartesian coordinates P( x, ¥, 2 ) to polar coordinates

P(r.0,z)

Conversion formulas between cvlindrical and spherical coordinates
Now we will find out the relation between spherical coordinate system and cylindrical

coordinate system.
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First we will find the relation between Planes polar to spherical. From the above figure,
you can easily see that from the two right angled triangles we have the following
relations: (p.0, ¢) > (r.0.z2)

In the triangle. Cns-é?-:i — x=r Cosl

.
Sin =2 = y=rSinf
r
In the trangle, Sfrr(azf— = r=pSing ———(a)
e,
Cﬂ.ﬂ@zi — z=pCosop —==(b)
Po,

Therefore, r=pSing. 6=0, z=pCos¢

Now from these equations we will solve the first and second equation for pand ¢ . Thus
we have (7,6.2) = (p.0. ¢)

Squaring and adding equations (a) and (b), we get

p:\fr: +z

Divide equation (a) by equation (b), tan qaﬁ:%

Therefore, pP= J rr+ . 0=0. tam;f:;

Conversion formulae between Rectangular and Spherical coordinates (p, 8, ®) —

{x. y, z)

Since we know that the relation between Cartesian coordinates and Polar coordinates are
xX=rcos é, y=rsmél, z=z ———=—(A)

We also know that the relation between Spherical and cylindrical coordinates are,

r=pSing, 8=60, z=pCosg¢ ———~—(B)

Now putting this value of r and z from (B) in (A). we get

x=pSing Cos@. vyv=pSing Sinl. z=pCos¢g ————(C)

It 1s the relation between spherical coordinate system and Cartesian coordinate system.
Now we will find (x, v, z) = (p. 6. ¢)
Squaring and adding the equations in (C),
+y'+ 727 =(pSing Cos 9)2 + (pSin;é Sin 9)‘1‘ + (p Cos 8)
= p*[Sin® ¢ (Cos® 0 + Sin* 6) +Cos* ¢ ]

= o [Sin* ¢ +Cos® ¢ ]

——

o
y Z

Also, Tand =— And Cosp = — = ——=

X P Jx‘ +y + T

-
s
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Constant Surfaces in Rectangular Coordinates
The surfaces represented by equations of the form
X=Xy Y=V <=
where x,, y, z, are constants, and are planes parallel to the yz-plane, xz-plane and xy-
plane, respectively. Also shown in the figure,

b -
P

Cer)

Constant Surfaces in Cylindrical Coordinates
The surface r=rg is a right cylinder of radius r, centered on the z-axis. At each point

(r, 0, z), this surface on this cylinder, r has the value ro, z 15 unrestricted and 0 < 0 <2mx,

The surface 0 = Oqis a half plane attached along the z-axis and making angle 6o with the
positive x-axis. At each point (r, 0, z) on the surface. 0 has the value 6o, z 1s unrestricted
and r> ().

The surfaces z = zy is a horizontal plane. At each point (r, 0, z) this surface z has the

value zo, but r and 0 are unrestricted as shown 1n the figure below.

[* R

| .
ol |+ -}

LS
-~ i

2 |

- - F 4

SE i P
Y o=8;,
(Fx)

Constant Surfaces in Spherical Coordinates
The surface p=p o consists of all points whose distance p from origin is p o Assuming

that p_ to be nonnegative, this is a sphere of radius p_ centered at the origin. The surface

0 = 0y is a half plane attached along the z-axis and making angle 8y with the positive x-
axis. The surface @ = @ consists of all points from which a line segment to the origin

makes an angle of ©q with the positive z-axis. Depending on whether 0 < @ < % or



T : : ! : - T
= ®g <, this will be a cone opening up or opening down. It @ = 5 then the cone

—

15 flat and the surtace s the xy-plane.

ﬂ'l = ;'I'“

Spherical Coordinates in Navigation

Spherical coordinates are related to longitude and latitude coordinates used 1n navigation.
Let us consider a right handed rectangular coordinate system with origin at earth’s center,
positive z-axis passing through the North Pole, and x-axis passing through the prime
meridian. Considering earth to be a perfect sphere of radius p = 4000 mules, then each
point has spherical coordinates of the form (4000, 6, @) where ® and 0 determine the
latitude and longitude of the point. Longitude is specified in degree east or west of prime
meridian and latitudes 1s specified in degree north or south of the equator.

Domain of the Function
« Inthe above definitions. the set D 1s the doman of the function.
« The Set of all values which the function assigns for every element of the domain
is called the Range of the function,

«  When the range consists of real numbers, the functions are called the real valued
function.

0 Ifa function is of single variable 1.e. y= f(x), then domain is a subset of real line

and 1ts graph 1s a curve.

0 Ifa function is of two variables i.e. z= f(.x. y), then domain will be from xv-

plane.
0 Ifafunction is of three variables t.e. w= f(x, y.z). then domain i1s a subset of

space.

NATURAL DOMAIN

Natural domain consists of all those points at which the formula has no divisions by zero
and produces only real numbers.

Example

20



Consider the function@=+/y—x" . Then the domain of the function is y = x~ which can
be shown in the plane as parabola opening upwards. It includes the shaded area and its
boundary is y= x" and the range of the function is [0,0).

Interiosr prasiils,
wivhiore = = i)

'I.'}u!.u-u_l-f._ ' .h. | ) T hve ]'ll;-l.l_.lj'l'l T

» N == N i . el il ¥
. l_ im the bBoundacy,

ll '-L" — - .:, &

The domain of Fflx, v) ' w2
consists of the shaded rﬂ'giﬂﬂ and its
bounding parabola ¥ — ==

Example

- : 1
Consider the function w=—
Xy

Domain of function w=— 1s the whole xy-plane, excluding x-axis and y-axis because at

Xy
x-axis, y=0 and at y-axis, x=0.

Domain: xy#0 = x=z0. y=0

Domain s entire xy-plane except x-axis and vy-axis.
Range is (— o, 0)u (0, »)

21



Example 1:
f(x.y)=3Sin (x4 y)

LECTURE No. 5§

22

LIMIT OF MULTIVARIABLE FUNCTION

Domain of f 1s the region in which =1 <x+y £ |

Domains and Ranges
Functions

» X-AXIS

Domain

) o= J.r + vV +z

I

2) 0=— —
X +y +z

3) o=xyIn:

Entire space

Entire space except origin

(x.y.2)#(0,0,0)

Half space, z > 0

Examples of domain of a function

Example 2: f(x,y) =xyy-1

Domain of / consists of the region in xy-plane where v =1.

(Here we take y—1=0 for real values.)

Range

0. )

(0, =)

(-, )



Example 3: f(x,y)= ‘jf + y* —4

Domain of f consists of the region in xy-plane where x* + v’ >4, It means
that the points of the domain lie outside the circle with radius 2. As shown in the figure

]

Exampled4: f(x, y) = Inxy

For the real values of logarithmic function, *¥>" which is possible: When ¥<0> <0

(3rd quadrant) and when >0, ¥>0 (5 quadrant) Domain of f consists of region
lying n first and third quadrants in xy-plane as shown below.

Example 5: flx, v,2)=e ™
Domain of f consists of the entire region of three dimensional space.

4= x*

Example 6: f(x, v) = J.}
y- + 3

-

Here we take 4 — x” >0 for real values of fix, y).

Domainof f consistsof regionin xy - plane where x° < 4 whichimpliesthat -2 < x <2

559 x=2

:.l

Example 7: f(x, v, z) = \/25 S },1 _ 7t

Here we take 25 — x* — y* —z% 20 forreal valuesof f{x, v). So, x*+y +z° <5’

23



Domain of f consists of region in three dimensional space occupied by sphere centre at

(0, 0, 0) and radius 5.

x* + 2x’y —xy -2y’

Example 8: f(x, v) =
g J1%7) X+2y

(0, 0) 1s not defined but we see that limit exits.

Approaching to (0,0)
through

X-axis

Approaching to (0,0)
through
y-axis

(0.5,0) 0.25 (0,0.1) -0.1

(0.25,0) 0.0625

(0.1,0) 0.01 (0,0.00001)

(-0.25,0)

(0.0.001)

(0.-0.001)

-0.001

0.00001

0.001

(-0.1,0)

Approaching to (0,0) through
}r =X

(0,-0.00001)

0.00001

24
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Example 9:
f(xy) =—2—+
X t+y”
10, 0) 1s not defined and we see that limit also does not exist.
Approaching to Approaching to
(0,0) through f(x.y) (0,0) through f(x.y)
x-axis (y =0) y =X
(0.5,0) 0 (0.5,05) 0.5
(0.1,0) 0 ({ 0.25.0.25) 0.5
(0.01.0) 0 (0:1.0.1) 0.5
(0.001,0) 0 (0.05,0.05) 0.5
( 0.0001,0) 0 (0.001,0.001) 0.5
(-0.5,0) 0 (-0.5.-0.5) 0.5
(-0.1,0) 0 (-0.25.-0.25) 0.5
(-0.01,0) 0 (-0.1,-0.1) 0.5
(-0.001,0) 0 (-0.05,-0.05) 0.5
(-0.0001,0) 0 (-0.001,-0.001 ) 0.5

25



K I
lim =7 =0 (along y=0)
) > (0.0) 2

X . .
lim fyz = 0.5 (along y = x)
(xy)— (0.0)
. XY .
lim = y; does not exist.
(xy)— (0.0)

Xy

[im =i
(x,3)->(0,0) x= 4y~

Let (x, y)approach (0, O)along the line y=x.

Xy
(xy)=———
X +y
XX 1
(X)) =—FF =3=7 x#0
x+x 2x 2
: . Xy I .
m f(x,¥)= Im —/—— =— Along the line y = x
(., V10.0) (£.¥1=000) x= 4 y* P
Now let (x, y)approach (0, 0)along x-axis. On x-axis, y=0.
xx0 0
f(x,0)=——>=—=0 x#0
x +0° x7
. , Xy : .
Cdim f(xy)= lim ——— =0 Along the line x — axis.
(x,v)—+00) [,y j—}r[ﬂ-_ﬂl X +}r"

|Therefore f(x.,y)assumes two different values, as (x, y) approaches (0.0) along two

different paths. So lim ——— does not exist.
(3 )=(0.0) v~ 4+ }r“

We can approach a point in space through infinite paths some of them are shown in the
figure below:

26



Rule for Non-Existence of a Limit

Ifin  lim ) f(x,v). we get two or more different values, as (x, y) approaches (a.b)
x. v )—{ah)

along two different paths, then lim . f(x, v)does not exist.
(X V=l ab)

The paths along which (a,b) is approached may be straight lines or plane curves through
(a,b)

Example 10
; ! ; | I - B -
oy X 20 y—x-2y" “__‘]}E}J,,(‘r +2x'y-x-2y’)
(x.31=(2,1) x+2y " ]]I[l‘{Ij”(‘l-i-Z})
(2207 ()-)-2()) g45-2-2_
(2200 i
Example 11

: Xy
lim ——
(X, v )=»10.0) -\/,1'; +y°

We set x=rcosé, y=rsiné _ then
xy  (rcos@)(rsing)

J.rl +y \/( rcos@) +( rsind)
(+* cos@sin o) _ (rcos@sind)
;\/cns & +sin” @ V1

= rcosé@sing, r>()

Since r:\/.t:j+_".f:"qr so r—0 as (x.y)—>(0.0)

v . - -
lim ' —Ilm rcos@simné@ =0x cos@sinf=1(

(e, v ={0.U) '\/t + 1 r—)

Note that [cos@sin@| <1 forall valuesof 6.

RULES FOR LIMIT
If lim f(xy)=L and lim g(x.y)=L,.then

(0=l . v (3 b=l )

(a) . r]]iI;l'l_ | ch‘(x, v)=c¢L,  (if ¢ is constant)
(b) dim {f (v +g(xy)i =4+ L

(¢) whim G fCey) - g(xy)i=L-L,

(d) Ldimf(y)g (e =L

@  fim JEN_ L e o

(2, V1=, ¥ ) g(_l-’ 1:] L_‘

27



Iim c¢=c¢ (ci1saconstant), Im x,=x,, lm y =y,

(X, ¥)—=>(x,¥ ) (X, ¥)—=2(x5,v) (¥} =2 (x5.¥) 3

Similar rules are for the function of three variables.

Overview of lecture# 5

In this lecture we recall you all the limit concept which are prerequisite for this course

and you can find all these concepts in the chapter # 16 (topic # 16.2)of your Calculus By
Howard Anton.

28
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LECTURE No. 6

GEOMETRY OF CONTINUOUS FUNCTIONS
Geometry of continuous functions in one variable or Informal definition of continuity of
function of one variable

A function 1s continuous if we draw its graph by a pen such that the pen 1s not raised so that there
1S no gap in the graph of the function.

Geometry of continuous functions in two variables or Informal definition of continuity of
function of two variables

The graph of a continuous function of two variables to be constructed from a thin sheet of
clay that has been hollowed and pinched into peaks and valleys without creating tears or
pinholes.

Continuity of functions of two variables
A function f of two variables is called continuous at the point (x,. yﬂ) if f satisfies the
following conditions:

. f(x,.y,) is defined.

2. lim  f(x,y)exists
(XY =205

3. lim f(l’.' J’) =f (xﬁ- yu)

(v )= x5, %)
The requirement that f (. y,)must be defined at the point (x,. ¥, )eliminates the possibility of
a hole in the surface z= f(x,, y,) above the point(x,. y,).

Justification of three points involving in the definition of continuity
(1) Consider the function of two variables x* + y* In(x” + y*). Now as we know that the Log
function 1s not defined at O, it means that when x = Oandy = 0, our function

¥+ vy In(x* +y7) is not defined. Consequently the surface z=x"+ y° In(x” + y~) will have a
hole just above the point (0,0) as shown in the graph of x° + y* In(x” + y*)

-._J- - " -
= = (ox= — ._‘}.-“"F""'} 1 'l'_:t,";" —= _'}"3]
hras a hole at
thhe origin.

(2) The requirement that  lim  f(x, y)exists ensures us that the surface z = f(x.y) ofthe

(X )2l 0 Yg)

function f(x, y) doesn’t become infinite at (x. y,)or doesn’t oscillate widely.

7Q



- Now as we know that the Natural domain of

Consider the function of two variables

|
. 3
\f:c' + y°

the function i1s whole the plane except origin. Because at origin, we havex = Oandy =0. In

the defining formula of the function, we will have 1!—}- at that point which 1s infinity. Thus the

limit of the function does not exist at origin, Consequently the surface

I
J X4y

will approach towards infinity when we approach towards origin as shown 1n the

A

——
—

o l

(a2
\/x 4y

figure above.

- \/1::': 1 q\,;t
becomes infinite
at the origin.

(3) The requirement that { %lt}l ]f (x,¥)=1(x,.¥,) ensures us that the surface
LV 5.0

z = f(x,y) ofthe function f(x,y) doesn’t have a vertical jump or step above the point

(x5, ¥y)-

Consider the function of two variables
0 if x20and y=20
fxy)=

| otherwise

30

Now as we know that the Natural domain of the function i1s whole the plane. But you should note

that the function has one value “07 for all the points in the plane for which both x and y have
nonnegative values. And value =17 for all other points in the plane. Consequently the surface

0 if x=0and y=0

o It has a jump as shown in the figure.
| otherwise

2= f(x,y) —{

2



X -

S o 20 Ifx=0,v=0
- 1 otherwise
has a vertical jump
at the origin.

Example 1: Check whether the limit at (0, [}) exists or not for the function

. .1'2
lim X V)=
(v )= 0.0) "f‘( i } ) _t'l .1_ 1.!:

Solution:First we will calculate the Limit of the function along x-axis and we get

-

=

. : : X . )
lim f(x.0)= Im ——= Ilm I1=I (Along x-axis, y = 0)
(x, vi-=(0.1) (1.v)1=10.0) .-'1.'; 4+ [} (v )=(0.0)

Now we will find out the limit of the function along y-axis and we note that the limit 1s

Im f(0.y)= Im v lim ﬂ;: lim 0=0 (Along y-axis,x =0)

(Y J—+(0,0] (x,5)=(10) 02 - T: (2, v )-8 1’!" (1,5 }—r[h‘l.ﬂ}

Now we will find out the [imit of the function along the line y = x and we note that
. ; .'1'1 . .'1': ; ] |
Im f(x.x)= Im ——= Im —= Im —=— (Alongy =x)
(v J=>(0,0) (5000001 x5 4 2% tew)(00) 2% (xxi-0.0) 2

It means that limit of the function f(x,y) at (0, 0) doesn’t exist because it has different values
along different paths. Thus the function cannot be continuous at(0, 0). And also note that the

function is not defined at (0, 0) and hence it doesn’t satisfy two conditions of the continuity.

Example 2: Check the continuity of the function at (0, 0)

sin(x'+y%) |
> x, y)=(0.0
f(.l'., 'V):-: I'j' 4 J.-— {f( v J’) ( )

1 if (x,¥)=(0.0)
Solution: First we will note that the function 1s defined on the point where we have to check the
Continuity; that is. the function has value at (0, 0). Next we will find out the Limit of the

SIN X
=1 and note that

function at (0, 0)and in evaluating this limit, we use the result linﬂ
=% X

21
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o Sin(x& + y?)
(Xy }!inu’hmﬁhﬂ ) (X3 l-h—rrn{ 0.0) X+ vz
=1 = 0. 0)
This shows that f1s contmuous at (0.0)
CONTINUITY OF FUNCTION OF THREE VARIABLES
A function f of three variables 1s called continuous at a point (X, v, 2g) 1t

1, f(‘{ﬂ_}"[},zt}} 1s defined.
2. lim f(x,y,z) exists.

1 l.‘.a: t_.“l HJ_:_"“..:.UJ

3 lim 1f(.1‘, v.2)= fXg, Yo, Zo)-

I o8 ] S LR VN, T

EXAMPLE 3: Check the continuity of the function

v+ 1
flx,y.2)=———
A+ y =1

Solution: First of all. note that the given function is not defined on the cylinder x* + y* —1=0.

Thus the function is not continuous on the cylinder x* + y* —1=0
However, f(x.v.z)1s continuous at all other points of its domain.

RULES FOR CONTINOUS FUNCTIONS
1) If gand h are continuous functions of one variable, then f(x, y)=g(x)A(y) 1s a continuous

function of x and y.

2) Ifgisacontinuous function of one variable and /& 1s a continuous function of two variables,
then their composition f(x, v)=g(h(x, y)) 1sa continuous function of x and y.

3) A composition of continuous tunctions 1s continuous.

4) A sum, difference, or product of continuous functions is continuous.
5) A quotient of continuous function 1s continuous. expect where the denominator 1s zero.

EXAMPLE OF PRODUCT OF FUNCTIONS TO BE CONTINUED
In general, any function of the form f(x, v)=Ax"x" ( m and n non-negative integers) Is

continuous everywhere in the domain because it 15 the product of continuous functions A x” and
x". The function of the form f(x, v)=3x"x" is continuous every where in the domain because it
is the product of continuous functions g(x)=3x"and i(y)=y".

CONTINUOUS EVERYWHERE
A function fthat 1s continuous at each point of a region R in 2-dimensional plane or 3-
dimensional space is said to be continuwous on R. A function that 1s continuous at every point
in 2-dimensional plane or 3-dimensional space 1s called continuous everywhere or simply
CORMNuUouS.
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EXAMPLES

() f(xy) = In2x —y +1)

The function 1 1s continuous n the whole region where 2x >y -1, y<2x+1, And 1ts region 1s
shown 1n figure below.

(2] f(_};_j Jr) — €I—.T,1,

The function f is continuous in the whole region of xy-plane.

3) f(x,y)=tan '(yv—x)

The function f 1s continuous in the whole region of xy- plane.

@) fr,y)=y-x

The function 1s continuous where x> y

Partial Derivative
Let f afunction of x and y. If we hold y constant, say y=y, and view x as a variable, then

f(x, y,) 1safunction of x alone. If this function 1s differentiable at x= x, . then the value of
this derivative 1s denoted by f (x,. y,) and 1s called the Partial derivative of f with respect of
x at the point (x,, v, ).

Similarly, if we hold x constant, say x=x, and view y as a variable, then f(x,. y) 1sa
function of y alone. If this function is differentiable at y= y, . then the value of this derivative 1s
denoted by f (x,. v,) and is called the Partial derivative of [ with respect of y at the point

{‘rbr* q\?ﬂ. )'

22
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Example 4: Let f(x.y)=2xy +2y+4xbe asurface. Find the partial derivatives of f with
respect to x and yat point (1, 2).
Solution: Treating y as a constant and differentiating with respect to x . we obtain
fix,y)=6x"y" +4
Treating x as a constant and differentiating with respect to y , we obtain
£ y)=4x"y+2
Substituting x = | and y = 2 n these partial-derivative formulas yields,
£.(,2)=6(1)" (2) +4=28

£.(1.2)=4(1)' (2)+2 = 10

Example 5: Let z =4x" -2y +7x"y” be a surface. Find the partial derivatives of z with respect
to x and y.
Solution: z=4x" =2y+7x"y’ %zﬂ.ﬁ-lﬂx ¥, R = 2 +35x"y*
X '
- . . . .
Example 6: Let 2= f(X,V)=X"85In"y be asurface. Find the partial derivatives of z with

respect to x and y.
. I
Solution: 2= f(x,y)=x"sin"y
Then to find the derivative of f with respect to x, we treat y as a constant.
0z

Therefore. 5_ =f. =2x sin” y
X
Then to find the derivative of f with respect to y, we treat x as a constant.
oz 2 fm 5 e
— = f,=x"(2sin ycos y)=x"sin2y
oy

T -
Ap + }1 &

Example 7: Let z= ln( } be a surface. Find the parfial derivatives of z with respect to

X+ ¥
x and y.

Solution: By using the properties of the /n, we can write 1t as
z=In(x>+y) = In (x+ y)

7 ]
El_rz+}f2 '_r+y
2% + 2xy — =y
(X + y)(x+y)
Xty -y
T(EFV)(x+ )
Similarly by symmetry.
&_ytiy-x
§ @+ x+y

24



Example 8: Find the partial derivatives of z = x” sin(.urjr3 )with respect to x and y.

Solution: .
z=x"sin(xy’)
0z
— =—| x*sin(xy")
cx [ ‘
. . 3,

4 3 3 4
=x —|smfxy ) [+sin(xy )—(x
= x"cos(xy’) ¥ +sin(xy’) 4x°

ﬁ=14 y' cos(xy’ )+4x sin(xy’)
ox
oz O
— x'sin(xy’)
oy~ L )]
5 0

4

= sin(xy”) |+sin(xy’)—(x")
0}[ ( ] oy

= x* cos(xy’) 3xy” +sin(xy’).0

=3x’y* cos(xy?)
Example 9: Find the partial derivatives of z = cos(x” y* ) with respect to x and .
Solution:
Z= cos(x y')
0z
—=—sin( Xy )—(x°y*)
Ox )E‘f
=—Sx'y'sin(xy?)
759 . s 4.0
—=—sin( x yd}n—(.rj_v")
gy oy

=—4x y’sin(x" y*)

Example 10: Find the partial derivatives of w= x~ +3y” +4z° —x y z with respect to x. v and z.

Solution: . 5
w=X +3y*+4z°-xyz
ow_,
ox
ow
dy =0y - Xz
dw
dz =8z-Xxy

35
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LECTURE No.7
GEOMETRIC MEANING OF PARTIAL DERIVATIVE

Geometric meaning of partial derivative

z=fxy)
. o . ‘ 07 d
Partial derivative of fwith respect to x 1s denoted by P or f. or F=
Y X
. S . | oz of
Partial derivative of f with respect to v 1s denoted by e or f._or a5
A4 | ;

Partial Derivatives
Let z = f{x, v) be a function of two variables x and y defined on a certain domain D.
For a given change Ax in x, keeping y as constant, the change Az in z, 1s given by
Az = f(x+Ax, y)—f(x, y)
Az fx+Ax,y)= f(x.y)
Av Ax
called Partial derivative of f with respect to x.
Similarly for a given change Ay in y, keeping x as constant, the change Az in z, is given by
Az = f(x. y+Ay)— f(x,y)
If the ratio i— BACTD L i:’” JEY) anproachies toia Finite Timit as Ay —s0, then this linfit is
y y
called Partial derivative of f with respect to y.

It the ratio

approaches to a finite limit as Ax —0, then this limit 1s

Geometric Meaning of Partial Derivatives
Suppose z = f{x, y) is a function of two variables x and y. The graph of f is a surface. Let P be a
point on the graph with the coordmates(x,. v,. f(x,. v,)).

+ Verucal axis in
the plane v = v,

fix, v)
The Curve ©
i the plane 5

Tangent linc

ik -I-Fl,'l.’l'

e LT

Haorisonial axas in the planc Y

If a point starting from P, changes its position on the surface such that vy 1s constant, then the
locus of this point 1s the curve of intersection of z = f{x, v) and v = constant. On this curve,

? 15 a derivative of z = f{x, y) with respect to x with y constant.
%
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Thus, S-—" = slope of the tangent to this curve at P. Similarly, 2—: 1s the gradient of the tangent at
X y

P to this curve of intersection of z = f{x, y)Jand  x = constant. As shown in the figure below
(Ieft). Also together these tangent lines are shown in figure below (right).

VYertical axas T
in the plane
L v \ This tengenmt line
4 "~ .
hos o Foi g, vl
Fangent line ™ v PlEg. Yo S5 Sall)
This tangent line

; hass wbivpe 7 0 ¥ 42
o SN Kyps Moy 2D Fhe curvd 2= fiLa,. b el X Ve
in the plane 1 = 4y

The cerve 2 = fi e, vy)

Fix. ¥) = i the plate v = ¥,

r = fia )

(Xp- Yal?

: : : e
(N, v + k) "G Ot ‘ r‘f

The curve = fix, . wv) , “\"*...

an the palavnies Flawrvzomitanl axis
X = K, m the plane L)

Partial Derivatives of Higher Orders
The partial derivatives f, and f of a function fof two variables x and y, being functions of x and

y, may possess derivatives. In such cases. the second order partial derivatives are defined as

below:
dfafY 0F 6 oy joy .
6_‘;(@11-) B fir: #ax(f'l )_(f.l)A"_ fu_"f‘:
afar\ & 5
V2L Sty o

6}’ \, oX Y, 5_’!"{31 a}’

far\ & %
©| L) =2l o2 (f)=(5,).= 1,

ox\ ¢y ) Oxdy o&x

(L)L n)-0) = 1,

oy\ oy cy- oy

Thus there are four second order partial derivatives for a function z = f{x, y). The partial
derivatives f, and f  are called Mixed Second partials and are not equal in general. Partial

derivatives of order more than two can be defined in a similar manner.

N 0%z [ x
Example 1: Find and for z=arcsin| —

CXCY oVOX A\

-

. | x
Solution: -=arcsin [—]
v

-

oz _ 06 ﬂrcs'm[i] | 0 [rJ y [1} l
ox  ox y J [_t J cx\ y ) \/ ¥y =x ¥ J Yo —x
e




3
3 - ¥
2(3*—_1'2)3 (y*—x

A2 x 3, 2 2

gz © {@:J_ = x| | =2x _ =yhALT=X _

~ AL = o 3 5 B - 3 = 3 == -
oxdy Ox\dy) yfy'-x* Y| 2[.2_ .2y L 2

' 74 INY X - (¥ =2 )-' y(y* == ] =2*)

3 3
i bl = 4
0" 7 0z

e
—

Here, vou can see that =
dyox cxay

ﬁl . -1
Example 2: Fmd{;j f:_f, ﬂf and — O'f forf(x,y)=xcosy+ye

. ~
X~ Oy~ Oyox mﬂv
. of ¢
Solution: — = (,t Cosy+ye ) cosy+ye

ox Ox
af ¢
= = (xcnsy-!—v ) = —xsin y+e"
aj! a:'ﬁ'

—i.(cns V+y e) =0+ ye'=ye

afy _ @ N, o ;
- - *——(cus v+ ye )———sm y+e
gycx oy\ox) oy

|
o
& f a[&] 0
[

:—(—A'Sin y+e' )=— siny+e’

oxdy oy ) ox
2
o o|d c - ,
{: _._f :—(—.tsm y+e ):—xcns ¥y
cdy- oOy\dy) Oy
Laplace’s Equation
For a functionw= f(x. y. 7). the equation

’f Of P _,
ox’ 51-'1 Bz

1s called Laplace’'s equation.
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Example 3: Show that the function f(x, y) = ¢ sin y+e' cos x satisfies the Laplace’s equation.
Solution: f'( X,y)=e"'siny+e' cosx

G
X

(e sin y+e¢ cns.r): e'sin y—e¢' sinx

T*J

|:~u

(¢'sin y+e'cosx) = e*cos y+e” cosx
!

91

-

E-’J ¢ (0o %, ‘
f = 5 [ f] (E sin y—e” sin x) e’ sin y—e' Cos X
- v

ox ox ox

& o(af) @ .
f = J :—(e-“ COS y+e° coS .r):—e‘ SIN y+€° cos X
0y- oy ) Oy " |
Adding both partial second order derivatives, we have
¥ 3
o 0 . _
3 { +5—'{: (e' sin y—e’ cns-t)+(—€" sin y+e° Eus;c) =)
X" ¥

T

Euler’s Theorem
The Mixed Derivative Theorem
If fix, y) and its partial derivatives f . f,. f and f  are defined throughout an open region

containing a point (a, b) and are all continuous at (a, b), then
fla. b) =f, (a.b)
Advantage of Euler’s theorem

'||'

W= Xy -+

2

y~ +1

Pk

: a, tells us to differentiate first with respect to v and then with respect to x.
xXoy

However. if we postpone the differentiation with respect to y and differentiate first with respect
to x, we get the answer more quickly.

cw O e’
— = (I_}'+ - J:y-i-[}:_v

The symbol

ox ©Ox yo+1
ow 0 (ow) @
and = =—{>) =1
oyox 6\-‘[ dx ) oy (¥)

Overview of lecture# 7
Chapter # 16 Partial derivatives

Page # 790 Article # 16.3




LECTURE No. 8
MORE ABOUT EULER THEOREM, CHAIN RULE

In general, the order of differentiation in an nth order partial derivative can be changed
without affecting the final result whenever the function and all of its partial derivatives of
order less than n are continuous.

For example, if f and its partial derivatives of the first, second and third orders are
continuous on an open set, then at each point of the set,

frlv.r — Jwy T S o

o f o f o' f

or in another notation, —— = - =
oy Ox  Oyoxdy  Oxdy”

Order of Differentiation

For a function f(x,y) = y°x'e" + 2

; o

If we are interested to find — f -
oy cx”

and then w.r.t. y, then the calculation will involve many steps making the job difficult.

But if we differentiate this function with respect to y first, and then with respect to x

secondly then the value of this fifth order derivative can be calculated in a few steps.

. that is, differentiating in the order firstly w.r.t. x

Ef a 24X 4 -x a 2 5 4 x L
—=—(yxe" +2)=x"e"—(y)+—2=x"e"(2y)+0=2yx"¢e
ﬁ_";’ ﬁ}! (' ) a}. (-}I ) ay ( - ) -
Of o(of)_ 0 4 ., D . _1

T =—(2yx"e")=2x"e"—(y)=2x"e" (1)=2x"¢"
6'1-" a}“ ( Ei"'-} 6 }l( s ) 6}'_ ( i ) ( ) E'

f _ 2 (alf}:  (aater)=0, 2L 2 (a‘fJ _%0)=0

2 E ~ 3 | A
cy dy \ oy oy oxdy”  ox\ Oy

” CX
oy _5(81) 0,

a3 - B
ox"0y-  0dx|\ cxoy OX

EXAMPLE 1: Let f(x,y) = —~. Find £, and f..
xX—y |
c 3,
- 3 (v (=Y)o(x+y)- (x+y)—(x-) v
Solution : f, :Ef = (‘Hﬁ} J: Ox - Ox = =2 -
5-.1- l'.:}.f -‘F - ___" (_1‘-— "r)— (_1-._ }-)-

40
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EXAMPLE 2: If f(x, y)=x"e™" + y" sec/x , then find the partial derivatives of f{x, y)
with respect to x and y.
Solution:

fx,y)=x" e+ y'sec+/x
& -y [a,2 3 - 0
f.t:—._f:f’-“(l’f )+_’F secy/x tan/x x| —+/x
- ox

- 1
- 3867 34 Psaod mnﬁ[

24x J
fy= §f= v (=€) + secvx x(3y?)=-x'e + 3y’ secyx
EXAMPLE 3: If f(x, y)=x*ye” , then find the partial derivatives of f(x, y) with

respect toxand vat(/, 1)
Solution: f(x, y)=x"ve"

B N8By, 1@ oyl g 0.2 0@
[, x)ﬁa f 1[ ( )E +x'—( e )]—}[2.1&' +x"e ax(.x}’)}

cx Ox
f.(x,y) = xye" [2 + .1:}-']

L =)0 24 (1)(1) | =3e
%, ,| @ Y ey
Iy, }’J:af(.tx y)=x [—(1) e +_~.-E e )

oy

—

fv, (x! '}1) = ,Tz 1 xe™ + y e -ag(_x}‘) = _TEJE’I" [1-1‘,{'}.']
. 'y

]

fi1) = (1) e‘-";’[l+(l)(1)] B

Example 4: If f(x, y)=x"Cos(xy) , then find the partial derivatives of f{x, y) with
1
respect to x and y HI(E, 7).

Solution : f(x, y)=x"Cos(xy)

f.(xy) :E_(-r:)x(?ﬂs(.l.}‘) + TTECGS( xy)=2xCos(xy)—x" y Sin(xy)

f(— )= 7[1}(3{1?(13{.1] - [i} JISfﬂ(lKH] 0 - [l]rrxl .
2 2 2 2 4 4

-

Now f}(;.‘l',}'}:E(IECHS(I}T)):IEiCﬂS(I}’) (= Sin(xy) ) : (xy)=—x" Sin(xy)

oy Ox cy

3 \
ft.(%.?rlz—[%] Sr'n[%xir}= (;JSH[

m|=1

"--.____.--"
|

oG | —
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EXAMPLE 5: Let w= (4-"_3J'+23)§.Find oW

Oz 0véx
Solution: w= (4,1' —-3y+2z )3

EJu
EJ

&’w 0 (ow 0 4
- = = (20(4x-3y+2z
Oyox 6}*( EEA:J ﬁ}'( (-t )

= 20x4(4x—3y+2z) —(4r 3y+2z)=—240(4x—3y+2z)

5(4x-3y+2z) —(41—31+2.,) 20(4x-3y+2z)

o'w 0| dw c
= = —|-240(4x-3y+2z
Oz0yvox Oz ( 5}'&1} z( (42=37 ) )

:_?403{3(41{ 3y+2z ):__ (4x-3y+2z)= _1440(41_3:“'}23)3

"‘u-

~4_ - 3 -
c W _ (&) [ 6 W J E(_[M0(4x_331+23)*)

0z dyox 0z \ CzOyox

= — 1440 x 2(4_1;— 3y -I-'E:)%(ﬁl.l‘— 3yv+ 2:) = —576[}(4.[— 3yv+ EE)

Chain Rule
I - Chain Rule in function of One Variable

The function f(x) depends on one variable x, and x depends on single variablez.

Given that w= f(x) and x = g(¢), we find }'? as follows:
[
dw dx
Fromw = f(x), we get —, Fromx = g(r), we get —
dx dt
Then dw _ dw dx
dt  dx dt
Example 6: Let w= x+4, x=38int. Fmd? using the chain rule.
[
Solution: w= x+4, x=Sint
W - 2 by =iy B, 4 _ 2 (Sint) = cost
dx  dx di  dx
By Chain Rule, aw: AW ox. (1) (cost)= cost

dt  dx dt

42



Chain Rule in function of one variable
v 1s a function of u, u 1s a function of v,
v is a function of w, w is a function of z,
dy
z is a function of x. Ultimately, y is a function of xSo we can talk about =

dx

dy dy du dv dw dz
By the Chain Rule. — -
y'the Lham Rule, dy du dv dw dz dx

II When the function f is a function of two variable x and y. Andx andy are
functions of one variable 7.
w=flxy), x =g(t), y=f1)

| Dependent variable

Intermediate variables _

it r

dw (’ud\ W v

* mapa N

Independent variables

EXAMPLE BY SUBSTITUTION

dw
Let w=xy, x=cost, y=sint. Find — by Substitution method.

dt
Solution : By subtitution, w= xy, x=cost, y=sint

. ] . 1 .
W= cost sint = ;.x 2cost sint :5 sin 21

S |

aw = —(cos2t) x2 = cos2

dt
EXAMPLE 7:1letw=xy, x=cosf, and y=sin¢. Find —jiby chain rule,

)
Solution : Given w= xy, x =cosf, and y=sin¢
ow 6( 11) ow  d(xy) dx dcost ; dv dsint
— = = % = = —sin 1, = = cost

ax ox ay oy dr dt dr dt

dw _ow d.r ow dy .
= = (v)(-sint) + (x t
dt ox dr dy dt (¥)(=sint) + (x)(cos 1)

= (sint)(—sint) + (cost)(cos t) = —sin’ t + cos’ t = cos 2t

43



EXAMPLE 8: Let z =3x" v, x=t*, y=1".

Solution:Given z = 3x" y', x=t', v=1¢

Zo (3 y)=3n)r =en’, E=L(30y)=3¢(3 ) = 9y

(ix - ox ' 6_\* oy
ex =47, @ _ 2t
dt dt

dz 0Oz dx 8 dy 2 2
S a0 o)

:(6(!“)(:1)_)(4r3)+(9(r4)1(r3)2) (21) = 241" +181" = 42"

EXAMPLE9: Let z =1+ x - 20", x=Int, y=1. Fiind 2 Ty this Chaisi Riils,

dt

Solution: Given 7z = \/l +x=2x", x=Int, y=t
oz 1 — 8 1-2y

1+ x—=2xy") 2 1 + x— 2xy
a2 ) &l )= 21+ x- 209"
Yor l 5 41:1'3
""——1-1-1—211 1+ x—2xy —
dy ( ) 5}’( ) \/1 + &= 2xy"
ﬁ_ dlInt 1 rh d( ) 1
dt  dt t di  dt
dz 0Oz dx G" dy 1 -2y ] 4xy’
x x|
dr  ox ﬂ'? oy di Q.Jl + x — 2xy” \/1 + X - '?u
| [ —2y° ] | . .
= [ Y +4r1‘ ] [ _IJ+4fj(]ﬂ I)J
Jl + x = 2xy" 2 \/1 +In¢-2¢"(ln )\ 21
EXAMPLE 10: Let EZIH(EIE+_‘;-‘ ). 1=\ff }'—!E Fiﬂd? using Chain Rule.
(it
Solution: z=In(2x +y) z=F(x,y)
x=+t, y=t? x=g(t), y=f(1)
Oz @(lﬂ (2x" + y )) | 5( 2x° + y ) 1 (4 ) 4x
— — < — = XiI= .
OX OX 2x"+y ox 2x"+Yy 2x" +y
o E(ln(2.1'1+_v)) ] 8( 2x" + ¥ ) 1
= ~ == 3 == (D—]—l) ==
ay oy 2X +y ay 2xX°+y 2x" + y
d.r_dxﬁ _ 4 fc“y_.c.i’rE _2{%-!_i
di dt 2t dt di 3 :

44
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dz Ozdx Ozdy _

N dx
dt oxdr Oy di

2x" +y
( \ ( w
[ 3
N [ 1 ] | 2
- > 2 E\E > S 2 1
IeY 443 Ie Y 3 3
kz(\ﬁ) R xz(\ﬁ) IS

o7

{0\
2
1

3t |

2

—

|

2 6t 42
+

21+t

b |

1 2N [ 2
: 3:3{21143} 3:‘[2r+rf‘}

IIT When the function f is a function of three variable x, y and z. And x,
y and z are functions of one variable ¢ .

w=flx,y.z), x =g(t),y=ft), z= h(t)

| Independent variables |

Dependent variable

cw

=

C'Z

dw dwdx owdy owdz
— = + +
dt Ox dt

Overview of Lecture#8
Book Calculus by Howard Anton
( Chapter # 16 - Topic# 16.4, Page# 799)

cdy dt

oz dt

45
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LECTURE No. 9

EXAMPLES

First of all, we revise the example which we did in our 8" lecture.
Consider w = f{x, vy, z), where x = g(1), vy = f{t), z = (1), then

dw  owdx " ow dy 4 owdz
dt oéxdt oydr oz dt

" dw
Example 1: Consider a function w=x"+ y+ z+4, then find ?‘
{
Solution: ,
wW=X +y+z+4
x=é, y=cost, z=t+4
Oow aw CW
— =72 = = o =
ax -2 gy o g
dx ., dy .. dz
dthe‘ it - Sint, 'l_l

dw Jw dx +@w dy +€;‘w dz
dt ox dt oJy dt o9z " di
(2x) (') + (1) . (= Sint) + (1) (1)
= 2(e') (e') - Sint + 1
= 2¢” - Sint + 1
Consider w = f{x), where x = g(r, 5). Now it is clear from the figure that “x” is
ow dw 0x ow dw 0x

or  dx or os  dx Os

and

intermediate variable and we can write

Deperndert variable |

Inrer-mediare variables

Example 2:If w=Sinx+x", x=3r+4s, then find ?mm’ -aaj—
r 5

Solution: w=sinx + x°. x=3r+4s
dw ox ox

— =cosx+2x, —=3, —=4

cr ds
ow  dw Ox '
—.__.:(cﬂs_x+2x)-3: 3cns,r+ﬁx:3cns(3r+4s)+ﬁ(3 r+-i.s)

or dx or



=3cos(3r+45)+18r+24s
ow _dw ox
os  dx Os

=(cosx+2x)-4=4cosx+8x=4cos(3r+45)+8(3r+4s)

=4cos(3r+4s)+24r+32s

Consider the function w = f{x, y), where x = g(r, 5), y = A(r, 5)

Dependent variable

Intermediate variables

ch

cs

@_awax+8w6x
dr &8x dr Qdy or

Similarly, if you differentiate the function w with respect to s we will get

Dependent variable

Intermediate variables




Consider the function w = f(x,v,z), wherex = g(r, s), y = h(r,s), z = k(r, 5)

- Dependentvariabie ‘

intermediate variables

7|8

Independentvariables ‘

Thus we have
3w-:&?wax+§_w_gz+ ow 0z
or 0x or Oy or 0z or
Similarly if we differentiate with respect to s then we have,
5w_8w6x+@21+6waz
s Ox 0s 0Oy 0Os 0z 0s

. . r
Example 3: Consider the function w=x+2y+z, x=—, y=r +Ins, z=2r.
A)

Solution:
First we calculate - =1, aw :2.—@ =2z, ? :i. 2 o ~;_—E =2
cx ay oz ar s Or or
: ow owéx dwdy 0Owaoz
Since — = ——+ ——
or cdx Or Oy or 0Oz or
ow (1 . | 1 . 1
=) = |+@)2N+Q22)(2) =—+4r+(4r)2)=—+12r
or o8 S s
: Ox r cy 1 @z
By putting the values from above, weget — =——, — =—, — =0

os 57 os 5 Os
So we can calculate -

—
| —

ow Ox N ow Oy N dw 0z
cs ox or @y or 0z Or

1 2
= (1)(—3%} + (2)[3} +22)(0)= =~

A} 8 S



Remembering the Different Forms of the Chain Rule:

The best thing to do is to draw appropriate tree diagram by placing the dependent
variable on top. the intermediate variables in the middle, and the selected independent
variable at the bottom.

To find the derivative of dependent variable with respect to the selected independent
variable, start at the dependent variable and read down each branch of the tree to the
independent variable, calculating and multiplying the derivatives along
the branch. Then add the products you found for the different branches.

The Chain Rule for Functions

of Many Variables
Suppose o = f(x, y. ...., v) is a
differentiable function of the
variables x, v, ..... , U (a finite
set) and the x, vy, ..., v are
differentiable functions ofp. q. .,
(another finite set). Then @ is a
differentiable function of the
variables p through t and the
partial derivatives of ® with
respect to these wvariables are
given by equations of the form

a0 cCom Ex am oy o v
= = + e e + -
cv op

ap dx ap cy ep
The other equations are obtained by
replacing p byq, ..., t, one at a time,
One way to remember last equation
is to think of the right-hand side as
the dot product of two vectors with

components.
(ﬂm co) &m] (61 ay 5U]
== — and |/, ...... =
X ¢y cu op op op
Derivatives of @ with Derivatives of the intermedaite
respect to the variables with respect (o the
intermedaite variables selected independent variable

: a' w
Example 4: For the function w=In(e" +¢’ +€ +¢" ).find w_ where w_ T
| ~ Cuctcsor

Solution: w=In(e"+e"+e'+¢")

W Inie" +o" 4’ +6")

e' =¢ Take anti-log on both sides

nx

e'=¢e +e'+e' +e" ————(1) since e =x
Take derivative with respect to r,

49
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N W = | r ¥ I b |
ce dle’ +e +e +e')
— = - = (e +0+0+0)
or or
| . cw
e'w =¢ Since — =w,
aor
F
E =i
“}f = w = E i H(E)
e

Take dernivative with respect to s,

Oe _ o(e' +e' +e' +¢e") — (0+¢" +0+0)

0s os
- ow
e"w =¢' Since — =w,
as |
¢’ .
W =—=¢ ——s=={(3)
e
Similarly, by taking derivative of (1) with respect to u, we get
w,o=e " - (4)
Similarly, by taking derivative of (1) with respect to t, we get
=W
w, =e e )
Now differentiate equation (2) with respect to s,
S| P
ow.  ce’™"  eTolr—w . ow _ .
— = = E ) =" (0-—) since r 1s kept constant
OS oS O oS
w. =—e "w =—¢ e by (3)
_ TF=wW4s=w _ rag=2w
W, =-—e ==
Now differentiate it with respect to t,
6“.*”. _ af?r-l-!_lnl B —grﬂ_?'“ 5{1‘-1-5 — 2“")
ot ot ot
i} O2w . .
=— "™ =0+ 0= ) since r 1skept constant
ot
. —, r+s=2w 0 r4s=32w . - Fres=2w  _i=-w
W, =—e (=2w,)=2e w, =2e e
- EEI-H-H-EW b}' (5)
ow =~ @2e _ presei=dn d(r+s+t—3w)
du cu cu
-
o c3w
W, =2¢"T0+0+0-—)
au
— 2€r+1+1-3u (_3"1{") — 6fr-i-1+r—3n Eu-n

—= _ 6Er+.-1+i'+rp—4|.u- b_‘l {4]
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LECTURE No. 10
INTRODUCTION TO VECTORS

Some of things we measure are determined by their magnitude, but some times we need
magnitude as well as direction to describe the quantities. For example, to describe a force, we
need the direction in which that force 1s acting (Direction) as well as how large it 1s (Magnitude).
Another example is the body’s velocity: we have to know where the body is headed as well as
how fast 1t 1s.

Quantities that have direction as well as magnitude are usually represented by
arrows that point the direction of the action and whose lengths give magnitude of the action in
term of a suitably chosen unit.

A vector in the plane is a directed line segment.

A
v=AB
Vectors are usually described by the single bold face Roman letters or letter with an arrow. The
vector defined by the directed line segment from point A to point B is written as AB .

Magnitude or Length of a Vector :

Magnitude of the vector v is denoted by
b= (5]

which is the length of the line segment AB

Unit vector: Any vector whose magnitude or length is 1 is a unit vector.

. : . = o . - I
Unit vector in the direction of vector v is denoted byv and is givenby v=—

Y

Addition of Vectors

B
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This diagram shows three vectors in two vectors: one vector OA is connected with tail of
vector AB . The tail of third vector OB is connected with the tail of OA and head is connected
with the head of vector AB .This third vector is called Resultant vector r.

The resultant vector r can be writtenas r=a + b

Similarly, ;:;+B+E+H+;+?
<
1 /

=
E
/
F
r \
Equal Vectors: Two vectors are equal or same vectors if they have same magnitude and

|
b

Opposite Vectors: Two vectors are opposite vectors if they have same magnitude and opposite

/
_H

Parallel Vectors: Two vectors a and b are parallel if one vector a is scalar multiple of the
otherb .

direction. ‘a‘ = |b

b=A1a where A 18 a non-zero scalar.
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r=xi+yj+zk

Addition and subtraction of two vectors in rectangular component:

[et a=aji+aj+ask

and h:b]i+b3j+b3k
a+ b= (aji+ ayj+ az:k) + (bji+ byj+ bsk)
=(aj+by )i+ (a2 +by)j+ (a3 + ba)k
a-b=(ai+ a1j+113k) - (byi+ bgj+b3k)
=(a; -by )i+ (a2- bp)j+(az - b3k

The ith component of first vector is added to ( or subtracted from) the ith component of second

vector, jth component of first vector i1s added to (or subtracted from) the jth component of second

vector, similarly kth component of first vector is added to ( or subtracted from) the kth
component of second vector.

Multiplication of a Vector by a Scalar
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—_— —

Any vector @ can be written as a= la

Scalar Product: Scalar product (dot product) {“;: dot 1';“) of vector @ and b is the number
which is given by the formula:

ab = |al |b| cos @

where 0 is the angle between aand b .

In words, a.b is the length of a times the length of b times the cosine of the angle between a
andb .

Remark: This 1s known as commutative law. a.b=>b.a

Some Results of Scalar Product

a.b = |a| |b| cos @
1) If a L b, then it means that a is perpendicular to b
S a.b=0 since #=90", Cos90" =0
Aso i-j=0=ji, jk=0=k-j, k-i=0=i-]
2) If ;T | E the it means a is parallel to b.

b| since =0, Cos0=1

It we replace b by a. then

&

So ﬂ.bZ‘ﬂ

i a-|a|

—

a =|H

" I

So 1.1=

j=k.k =1

S

Example
If a=3k andb=+/27 ++/2k. ezg.
then ab = |a| |b| cos @ = (3k| [V2i ++/2k| cos %

6

=(3) (31(%] = 32




EXPRESSION FOR a. b IN COMPONENT FORM
a=aji+ aj-ak and
b=Dbii=bij~ bsk

a.b = (R[i 5] E;j L a;:k] . (bli" b:] v b;k)
= aji.(bji=baj =~ bsk) ~ azj. (b1i = bsj = b3k)
+ as k. (bli T b:] + b3Kk)

= abyi.i+ a;byij+ ajbsi. k+ a;bj.i+ az;byj.j
+ azbsj.k+asbhik.i++asbh)k.j+ asb:k . k
= a1bi(1) * a;ba(0) + a;b3 (0) + 2a20,(0) + a2b (1)
+ a:b3(0) + asb;(0) + + a3;ba(0) + a3bs(1)
= a;b; + a:by + asb;
In dot product, the ith component of vector a will multiply with ith component of vector b,
jth component of vector a will multiply with jth component of vector b and

kth component of vector a will multiply with kth component of vector b.

Angle between Two Vectors

The angle & between two vectors ¢ and b is
()

a.b
all3
\ )

Since the values of arc-cosine lie in [0, :r] , so the above equation automatically gives the angle

8= Cos™

made between a and B.

Example : Find the angle between the vectors a=i —2}-2& and b=6i +3 }‘-{-ZE.
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=6-6-4=-4
IB’Z\/U)" +(<2)"+(-2)" =9 =3, IE|:\/(6)3 +(3)"+(2) =49 =7
ez ) -
= Cos.™ Eh_. = Cos ™ 4 =C¢ 'l[ijt _ AN
¢ = Cos Ja|.\ b]} Cos ((ﬂ(ﬂ} Cos ot 1.76 radians

Perpendicular ( Orthogonal )Vectors

The non-zero vectors (I and F are perpendicular if and only 1f d. bh=0

_— =

This statement has two parts If a and b are per perpendicular, then & . b=0._And

—_— =

ifd.b=0_then @ and F are per perpendicular,

Vector Projection

—_—

Consider the Projection of a vector b onavector d making an angle 0 with each other

s
a C A

From right angle triangle OCB,
base  |OC|

Cos 0=
hypotenuse ‘b[
[O—d = H Cost
= H —E.—Cm'f) = 2

a

ﬂ‘
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Projection of Balnng a= Bi[iJ whem(i] is the unit vector along a.
jal Ja a
b.a~ b.a-
=——a ===2a
lajal a.a

The number [b| Cos 0 1s called the scalar component of / in the direction of @ because

E‘ Cos6 =b.a

Example : Find the vector projection of b=6i +3j+2k onto a=i -2 j-2k.
Solution:

—-H
l.d

Here, b.a = (6i +3j+2k).(i -2j-2k) = 6x1+3(~2)+2(-2)=6-6-4=-4

Projection of bontoa =

"‘1*:3"'1
El

k
a.a=(i-2j-2k).(i 2;—’7‘.&:)—1:1{1-{-( 2)(=2)+(-2)(<2)=1+4+4=9

- b.a- —-4p o~ - 4~ 88~ 8-
Projection of bontoa= 4 a ﬁ—(r‘ —2j—2k)— —-51 +—J+—k
a.a

—_—

The scalar component of 8 in the direction of @ is [b| Cos 6.

B Cos = B0 (61 +3)+2k).(i ~2j-2k)  6x143(-2)+2(-2) 6-6-4 —4

ol Ja) (=2) +(-2) Vo 303

The Cross Product of Two Vectnrs in Space

Consider two non-zero vectors @ and b in space. The vector product axb ("a crossbh") to be

the vector axb = ‘n“b] Sin@ n where n is the unit vector determined by the Right Hand rule.

Right-hand rule

We start with two nonzero nonparallel vectors A and B .We select a unit vector n perpendicular
to the plane by the right handed rule. This means we choose n to be the unit vector that points
the way vour right thumb points when your fingers curl through the angle 0 from A to B.

The vector A x B 1s orthogonal to both A and B.
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Some Results of Cross Produet @ x b
H_h}l Siné ;1

0 since Sin0" =0

As we know that axb

g

1) If a||b,then axb

H

-

Similarly, axa=0 and ixi=jx j=kxk=0

2) If a Lb, then axh = ‘EI[E n since Sin90" =1

Similariy, ;x; k, }x}:_fé
jxk“; EK}:—E

kxfzj, ?:-:EE:—_}

L

Note that the vector product 1s not commutative.

The Area of a Parallelogram
Because 1is a unit vector and magmtudﬂ ofa x b is
la x B|= alp] = [al[p| sin® Since n| =1
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Area = base - herght

= |al - |bl|sin 0|
\ l[a = b|

1
]
'h = |B||sin @]
|
|
|

.

a

This is the area of parallelogram which is determined by aandb where a is the base and

|£;‘ Sin @ is the height of the parallelogram.

a X b from the mm[_mnents ofaandb

ﬂ‘_ﬂ,!-i-ﬂn,_j'+ﬂk and b= b:-!-bjj-!-bk

)

axb = (a,r‘ +a3j+a3k)x(bii +F;3j+b3k]
= g fx(bi?+b3}+b3i:)+u3_}x(bl} Jn‘:.\tz:}'-H;vji:)+.::13 Ex(bl; +b§_}+b;£)
=u]bl}xf +ﬂ|b,__1}:':-:}-1-.:11113;:.:{@-%{:2}:1}:{; +u3b1}‘:=< _}+a3b3}'xi:
a3b,féx} +a.;b3£x}+aib3£:xi;
=ab, x0 + albj +a,b, (—} )+a3b[ (—E )+mzb3 (0) +alb;
ab, j +a3bz(—g)+a3b3(ﬂ)
= (a,b, —a.b, )i —(ab,—ab, ) j+(ab, —ab, )k

ik
= | 4 , 8

Example: Leta=2i+ j+k and h=—4i +3j+k, then find axb.
Solution:

i j Kk
axb=|2 1 1|=i(1-3)-j(2+4)+k(6+4)=-2i -6+10k
-4 3 1

Over view of Lecture # 10
Chapter# 14: Article # 14.3, 144 Page # 679
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LECTURE No. 11

THE TRIPLE SCALAR OR BOX PRODUCT
The product (E xb)-f:' is called the triple scalar product of @.b and € ( in that order).

As (ﬁxE)-E" ‘HKEI \EI |ms6‘|

So the absolute value of the product is the volume of the parallelepiped (parallelogram-
sided box) determined by a.b and C.

o

Helght = (@) [cos

-

Volume = {area of hase) (height)
= 0 xbl ¢ coss
~—axb.e¢

By treating the planes of b and ¢ and of ¢ anda as the base planes of the
parallelepiped determined by a ,b and C.

We see that (Eixl;)-f = (E}cE)-EE = (Exﬁ)-g

Since the dot product 1s commutative, (Ei xb)?E =a -(b :n:E)
a, a, a;
Example: Show that a-(bxc)=lb b b,
[-‘1 {-‘2 {13
Proof : Consider d=a,i +a,]+ak
b=bi+b,j+bk
c=ci+e,]+ek
ik
[ - ’ - a | 1P b 1. b b|. b .
ﬂ*(b}(f).zﬂ.bl b: bjt(ﬂlf+ﬂ1j+ﬂ‘k)- B = J' = RS
i ' €, C; €, c, C c,
c, ©€ G " ‘

b, b b, b b, b
=d —d + a,
£ c, li'i C, C, &
a o o
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Example: Let a=1 +2;—£, b=-2i+3k, ¢= 7 7] - _4k. Find a- (be).

Solution:
E 2 -l n s L s .
&(bx&'):-Z 0 3| =l 2| 7 ()|
7 -4 |0 -4 0 7
0 7 -4

=1(0-21)-2(8-0)—(-14-0)
=—21-16+14 =-23
When we solve a (E xE) . then answer 1s—23. If we get negative value, then Absolute

value makes 1t positive and also volume is always positive.
Gradient of a Scalar Function

where V 1s called “del” operator.

V *“del operator™ is a vector quantity, Grad means gradient. Gradient is also vector
quantity. Vgis vector and ¢ is scalar quantity.
Directional Derivative

If f(x,y) is differentiable at (x,.,y,) and if

u=(u,,ut,) is a unit vector, then the y 5
directional derivative of f(x,v) at % /é:{
(x,,y,)in the direction of i is defined by — art.

Dn .f'(x{}*yﬂ)z f(" }i})ul+f( 0 }i}) 2 f - . ="

It should be kept in mind that there are
infinitely many directional derivatives of

z= f(x,y) atapoint (x,,y,).one for each

pnsslble choice of the direction vector i .

Remarks ( Geometrical Interpretation )

The directional derivative D, f (_r{,, y )can be interpreted algebraically as the

instantaneous rate of change in the direction of u at ( X )nf f(x, v) with respect

¥
0* 1"“
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to the distance parameters described above, or geometrically as the rise over the run of
the tangent line to the curve C at the point (), .

NOTE : Formula for the directional derivative can be written in the following compact
form, using gradient notation: D, f (I . }?) ="Vf (.r, }?)- i

The dot product of the gradient of f with the unit vector i produces the
directional derivative of f in the direction of # .
Example : Find the directional derivative of f(x,y)=3x"y at (1.2)in the direction of

i=3+4j.

Solution : Given [ (., _'5':}:3,1:31" (1*2)_ a :3;-[-4}
f.(x,y) =6xy, f(1L2)=6(1)(2)=12
f,(x.y)=3x", f,(L2)=3(1) =3
5=8 _ 3 +4j _31 +4] § —l—i}

al ¥ +4 N25 5 5
Sieln o s 3. 4
D, f(x.y)=Vf(L2)-a =(r.02i+ f,0.2)]): [E” +_JJ

=(12F+3}). I 4 2 =ya 2]4al 2] - 22
5 5 5 5 5
Example : Find the directional derivative of f(x,y)=2x"+y” at P,(=1.1) in the

direction of @ =3/ — 4.
Solution : Given f(x,y)=2x"+y", P,(-L1), u= 3i — 4.

f(x, y) =4x, f.(-L)=4(-1)=-4
f,(x,y)=2y, f,=Lh=2(1) =2
5 _H__3I—4J:3I 4 ;"_i}

m \/33 + 4’ /25 5

D, f (x.) = Vf (1) =(=4f +2j) (20 - 3]

5
:_4[5} — Z(EJ :.,_ﬂ = =4
5 5 5
Remarks:

If u=u, [ +uJ 1S a unit vector making an angle @ with the positive x-axis, then
u,=cos@ and i, =sin@. So D, f(x,.y,)= f.(x.¥)u; + f, (% ¥, )u, can be written
in the form D, f(x,.¥,) = f. (x,.¥,) cos@+ f,(x,.¥,)siné



Example: Find the directional derivative of ¢* at (-2,0) in the direction of the unit

vector i that makes an angle of — 3  with the positive x-axis.

Solution: Given f(x,v)=e",  (-2,0), i =cos %E’ + sin%}.
f(xy)=ye", £.(=2,0)=(0)e™" = 0
Fi(xy)=xe”, f.(-2,0)=(-2)e™" = -2

D, f (x.y)=Vf (-2.0)-a =(of -z}*).[cos %f‘ + sin%_}"}

Gradient of Function
If f is a function of xand vy, then gradient of f is defined as

V,f(xﬁ }’):f;("tﬁ .1,) f T f‘{.rt-_\'jj

Directional Derivative

Formula for the directional derivative can be written in the following compact form using
the gradient

D, f(x,y)=Vf(x.y)-u

The dot product of the gradient f with the unit vector u produces the directional
derivative of f in the direction of U.
Example: Find the directional derivative of f(x,y)=2xy—-3y" at P,(5,5)in the
direction of i = 4i + 3].
Solution:

Given f(x,v)=2xy—3y’, P,(5.5), u= 4 + 3}

f.(x,y)=2y, f.(5.5)=2(5)=10
fi(x,y)=2x-6y, f,(5.5)=2x—6y=2(5)-6(5) = -20
oM _ 4i +3] 41-1—3] Ef—ké}

‘F‘ J4? 437 J25 5 5
D, f(x,¥)=Vf(5.5)-a =(10: —20}) [‘;’: +§’.}“]
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Example: Find the directional derivative of f(x,y)=xe' +cos (.1}‘) at the point

(2,0)in the direction of a = 3i — 4.

Solution: ,. )
Given f(x.y)=xe"+cos (xy), (2.0). a=3i -4
f.(x,y)=¢€ —ysin(.r_\'), f.(2.0)=e —(D)sm(?xﬂ) —1=0=1
f(x.y)=xe’ —.1'5'1{1(.!51’) 1, (2.0)= 2¢" —(2)sin(2x0)=2-0=2
~ d 47 3i-4] 3. 4.,
. ﬁ:\fa-u{ 25; 5 5!

D, f(x,y)=Vf(2.0)-a

Properties of Directional Derivatives

D, f =§f'ﬁ=|‘?f‘ cos @

1.  The function f increases most rapidly when cos#=1 or #=0 or when # is in
the direction of Vf . That is, at each point P in its domain, f increases most rapidly in

the direction of gradient vector Vf at P. The derivative in this direction 1s

D, f=Vfi-= l‘?’f cos0 = “?f‘

2. The function f decreases most rapidly when cos@=-1 or &= 7 or when ¥ is in

the opposite direction of Vf . That is, at each point P in its domain, f decreases most

rapidly in the direction of gradient vector —Vf at P. The derivative in this direction is

D, f=Vfii= |"7f| cosz = -|Vf
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3. Any direction of ## which is orthogonal to the gradient vector Vf 1s the direction

. T s
of zero change in [ because 9:; and COS—- = 0

Duf :ﬁfﬁ:'ﬁf

cﬂs% = |§f|0 =0

Example: Find the directions of rapid increase, rapid decrease and no change for the

3 »
-._ ‘._

; XT )
function f(,‘-l‘.,j)-—? - -?
Solution: f(x,v)= i ﬁ
Tz R
20 a0 )X Y
V X,V — + —
f{ 51 Jé‘}-‘ 2 2
=F0|X . 2 +j6x+11‘
ox\ 2 2 oy\ 2 2

= Xi + Y]
Vi =i+ ]
(a) Its direction of rapid increase is i = ! ’+ { = .1 [ + —l——}
B+ V2 2

(b) The function f decreases most rapidly in the direction of gradient vector —?}C at

1 2 1 a
(LI) whichis -t = ——1 ——
NN
(c) The direction of zero change of the function f is orthogonal to gradient vector
1 2 ~ . |

= A 1 2
—Vf at (1.1) whichis &# = ———i +— ~=—I ——F
! NN NN



Most rapid /‘/
rease in f

= dec / !
Most rapid Vfi=1i+j

increase in f
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LECTURE No. 12

TANGENT PLANES TO THE SURFACES

Normal line fo the surfaces

If C is a smooth parametric curve in three dimensions, then tangent line to C at the point
Po 1s the line through Po along the unit tangent vector to the C at the Po. The concept of a
tangent plane builds on this definition.

If Po(x0,y0,20) is a point on the Surface S, and if the tangent lines at Po to all the
smooth curves that pass through Poand lies on the surface S all lie in a common plane,

then we shall regard that plane to be the tangent plane to the surface S at Po.

Its normal (the straight line through Po and perpendicular to the tangent) 1s called the
surface normal of S at Po.

Different forms of equation of straight line in two dimensional space

1. Slope intercept form of the Equation of a line

y = mx + ¢
where m 1s the slope and c 1s y intercept
2. Point-Slope Form
Let m be the slope and F,(x,. y,) be the point of required line, then
y — ¥y, = m (.:r - .r”)
Rise b

m = slope of line= =
Run a

b
Y=Y :;(I_Iu)

/[’ Rise
‘/ R

3. General Equation of straight line

Ax + By + C = 0



Parametric equation of a line

Parametric equation of a line in two dimensional space passing through tl

and parallel to the vector ai+ b ] is given by
X = X,+at, y=y,+bt

Eliminating t from both equations, we get
X =X ¢ Y=Y _
a b
N _ Y=Y

-

a b

1
|

Il

Yy =M= E(" _-"'u)

Parametric vector form:
r(r) = (x,+ar)i+(y,+bt)j

Egqguation of line in three dimensional

he point (x,, ¥, )

Parametric equation of a line in three dimensional space passing through the point
(X,+ y» 2,) and parallel to the vector ai+ bj +ck is given by

X =x,+tat, 'y =y,+bi, Z

Eliminating t from these equations we get
X =X y —)

= Zy+ €l

)
0 — ¢, 0 4

a h ¢

X _.\.” _}' = _‘rlu - £ — ':ﬂ

T

[l

a b ¢

Example: Find Parametric equations for the straight line through the point A (2.4.3) and

parallel to the vector v =4i + () — 7K.
Solution:
0= 2, Yo = 4, o= 3

and a = 4. b =0,¢c = -7
The required parametric equations of the straight line are
x = 2+ 4,
y = 4 + 01,
:=3=-"Th

Different forms of the equation of curve

Curves in the plane are defined in different ways

(1) Explicit form:  y = f(x)
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Example: y = y9—-x~ -3<x<3
(2) Implicit form:  F(x. y) = 0
Example: x +y =9 -3<x=<3, 0=y=<3
(3) Parametric form: x= f(7) andy = g(1)
Example:
x=3cosf, y=3sinf 0<f=<rm
' +y*'=9cos” @ + 9sin*
= Q(CDSE O + sin” 9): 9(1)

Y +y' =9
(4) Parametric vector form: r(7) = f(1)i+g(¢)j. a<t<bh

Example: r(1) = 3costi+3sinrj 0<r<x

Equation of a plane

A plane can be completely determined if we know its one point and direction of
perpendicular (normal) to it,

Let a plane passing through the point B, (x,, ¥,, ,) and the direction of
normal to it is along the vector n= ai+ bj+ ck

Let P (x, y, z) be any point on the plane, then the line lies on it so that n J.ﬁ

(L means “perpendicularto” )

BP = (x -x)i+ (y ~3)i+ (z =2k
Therefore, n.ﬁ = ()
(ai+ bj+ {'k).((:r: —x, )i+ (¥ —y,)i+ (z —;,)k):{]
a(x —A.'u)+ b(_fr —}*n) +¢(z —.:H] =0

which is the required equation of the plane.
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NOTE : Here we use the theorem:

Let a and b be two vectors.If @ and b are perpendicular,
then a-h=0

Sincenand F, P are perpendicular vector, son. B P = ()

REMARKS

Point normal form of equation of plane is
H(I _'tﬂ)+ b(v" - Fﬂ) + C(E _:ﬂ) =0

We can write this equation as
ax —ax,+ by —by, +c¢z —cz, =
ax + by+ cz—ax,—by, —cz, =0
ax + by+ cz+d =0
where d =-ax, -by, —cz,
,which is the equation of plane

Example: An equation of the plane passing through the point (3, - 1. 7) and
perpendicular to the vector n = 4i + 2j - 5k.

A point-normal form of the equation 1s
4x-3)+2(v+1)-5(z-7)=0
4x +2y-52+25=0

Which is the same form of the equation of plane ax + by +cz+d =0

The general equation of straight line
1s ax+by+c¢c=0

Let (x1, y1) and (x, y2) be two points
on this line then

axi + by +c=0

ax2+by+c=0

Subtracting above equation
a(xx—x1)+b(yn-y)=0

v=_(x—x)i+(y2—V1)]
1§ a vector in the direction of line
$(x, y) =ax+ by

d]:{:a! d)},:h
Vo =ai+bj =n
Vp.r=90

Then nand v are perpendicular
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The general equation of plane 1s
ax+by+cz+d=0

For any two points (Xxy, yi, 2;) and
(X2, V2, %) lying on this plane we

have
ax; +by; +cz; +d=0 (1)
HKz+b}’3+CZ:+d:0 (2)

Subtracting equation (1) from (2)
have

a(x—x)+b(y2-vi)+c(n-2)=0
(ai + bj + ck)_[(xg-xn i+(Y2-Y1) j +(Z2-Z1) k ]

Here we use the definition of dot product of two vectors.

¢ =ax + by + cz

d}x:ﬂ, d)y :b, (I]z =C

V¢ =ai+bj+ck .

Where v= (X2 — Xi )i"(}ﬂ’-—yl)j +(z2 -z 1)k

V¢ 1s always normal to the plane.

Gradients and Tangents to Surfaces

flx.y)=c¢
z=Ffxy) E=e

If a differentiable function f (x, y) has a constant value ¢ along a smooth curve,
having parametric equations:

x=g(t), v=h(t), r=g()i+ h(t)j

Differentiating both sides of f(x,y) = ¢ with respect to t,

1
:If(g(r), h(1)) = i(::]

dt
of dg , of dh _

=)
ox dt Oy dt
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] I
X dt dt 0)
. dr
Vf-—=10
J di
Vf is normal to the tangent vector —. So it is normal to the curve through (x,.y,).

dt

Tangent Plane and Normal Line
Consider all the curves through the point Py(x0, y0, z0) on a surface f(x, y, z) = 0. The
plane containing all the tangents to these curves at the point PO(x0, y0, z0) is called the

tangent plane to the surface at the point Py,

The straight lines perpendicular to all these tangent lines at Po is called the normal line to
the surface at Py if fx, fy. fz are all continuous at Po and not all of them are zero, then
gradient f (i.e fxi + fyj + fzk) at Po gives the direction of this normal vector to the surface

at Po.

- 2 Tangent
= = lines ""n 7

V 4 w

| \Jﬂnﬂﬁ'ﬁf
ﬂ //" { \\ plane

ECTETL
Alltangent linas
at P lie in the
tangant plane

Tangent plane
Let Py (x0. vo. zo) be any point on the Surface
f(x,y.z) = 0. If f(x.y,z) is differentiable
at po(X0,y0,z0) then the tangents plane at the
point Po (x0,v0,20) has the equation

Example: Find the equation of tangent plane to the surface
9x> +4y* —z* =36 at point P(2,3,6).
Solution:

2

OX +4y —7 =36 P (2,3.6).
flx,y,z) = 95+ 4y — 7 — 36

fy = 18x, fy =8y, h=—27

£t (P)=36, f(P)=24, f (P)=-12




Equations of Tangent Plane to the surface through P 1s

36(x—-2)+24(y-3)-12(z-6)=0
3Xx+2y-z-6=0

Example: Find the equation of tangent plane to the surface
z=xcosy-ye atpoint(0,0,0).
Solution:

z=xcosy—ye (0,0,0).

cosy—ye —z=0

f(x,y,z) =cosy—ye —z f |
(0,0, 0) =(cosy —ye oo =1-0.1=1 v

£,(0,0,0)=(—xsiny—¢e" )00 =0-1=-1.
£,(0,0, 0) =-1
The tangent plane is
£(0,0,0)(x — 0)+fy (0,0,0)(y — 0) + £(0,0,0)(z—0)=0
1(x=0)-1(y—0)-1(z—0) = 0,
x—y—z=(.

Frmial
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LECTURE No. 13

ORTHOGONAL SURFACE
In this Lecture we will study the following topics
¢ Normal line
 Orthogonal Surface
e Total differential for function of one variable
e Total differential for function of two variables
Normal line

Let B (x0,y0,20) be any point on the surface f(x,y,z)=0 If f(x,y,z) is differentiable at
P {x0,yazo) then the normal line at the point Pﬂ(x oY o+Zo) has the equation

x = xo+fx(Po)t, y= yo+fy(Po)t, z = 7o+f(Po)t
Here fx means that the function f(x,y.z) is partially differentiable with respect to x And
fx(Po) means that the function f(x,y,z) is partially differentiable with respect to x at the
point Po(x0,y0,20)

fy means that the function f(x.y,z) 1s partially differentiable with respect to y And fy(Po)
means that the function f(x,y,z) is partially differentiable with respect to y at the point
Po(xo,y0,20)

Similarly, fz means that the function f(x,y,z) is partially differentiable with respect to z
And fz(Po) means that the function f(x,y,z) is partially differentiable with respect to z at
the point Po(xo,y0,z0)

Example: Find the Equation of the tangent plane and normal of the surface f(x.y,z)=
x2+y2+z2-4 at the point P(1,-2,3)
Solution:
flx,y,2)=x"+y"+z" 14, P(1,-2,3)
f,=2x, [, =2y, f[f.=2z
f(R)=2 f.(R)=-4 [.(R)=6
Equation of the tangent plane to the surface at P 1s
2(x=1)—4(y+2)+6(z-3)=0
x=2y+3z-14=0
Equation of the normal line of the surface through P is
(x-1) (3+2) (z-3)
2 4 6

(x=1) _(y+2) _(2-3)

—

| -2 3



Example : Find the equation of the tangent plane and normal plane
Solution:

4x-y +32 =10 P(2-3.1)
i(x,y.z) = 45 - yz +32-10
fy = 8x, f=-2y, L=6z
f(P)=16, f(P)=6. £, (P)=6

Equations of Tangent Plane to the surface through P is
16(x—2)+6(y+3)+6(z-1)=0
8x + 3y +3z= 10
Equations of the normal line to the
surface through P are
X=2 y#3 1z=1

16 6 6
x—2_2+3_z—1
8 3 3
Example
1
Z=§KT}"2

|

f(x,y,z) = 5 x/ },-2_ Z

7T 6.9 .
fR:E xﬁ.y"-‘ f}.:-xt".y% £=-1

f(2,4,4) =% 2P 4)? =14

fy(2,4,4)=(2) 4y°=-2
£,(2,4,4)=1

Equation of Tangent at (2, 4, 4) 1s given by
£244)(x -2)+1 y 2440y -4)+1_(244)z -4)=0
14(x -2)4(=2)(y —-4)-(z-4)=0

ldx -2y —z -16=0
The normal line has equation s
x= 2+f 3(2‘4‘4) L y= 4—1—1’:‘},{-214,4) t, Z= 4+fz(2,4,4) t

X =2+ 14¢, y=4 - 2, z=4 -1



ORTHOGONAL SURFACES

Two surfaces are said to be orthogonal at a point of their intersection if their normals
at that point are orthogonal. They are Said to intersect orthogonally if they are orthogonal

at every point common to them.

CONDITION FOR ORTHOGONAL SURFACES
Let (x,y,z) be any point of intersection of

f(x,y,z)=0--—-— (1)
and g(x,v.z)=0--—--- (2)
Direction ratios of a line normal to (1) are ff fﬁ_ ' £

Similarly, direction rations of a line normal to (2)

dre gx, g}.j gz

The two normal lines are orthogonal if and only if

fkgx + gy + =0
Example
Show that given two surfaces are orthogonal or not
fx,y,2)=x"+y +z-16

g(x,y,2) =x"+y =63z

flx.yv.2)=x"+y +z-16 e amass(])
g(x,y,2)=x"+y"—637 ————(2)
. . 4 3
Adding (1) and (2), I‘+J’“=%i ::i ————(3)
f =2 X ‘f_‘ :2\ f =1
gl.: 21‘ 5_122_1’1 .!;’ :_63
5 " 63 + :
.t;. g.‘[ + f\ g_u' + ..f;:— g; - 4(*1---]_ J‘_)_ﬁ:} :4(7]_63 Usmg (3}
=0

Since they satisfy the condition of orthogonality, so they are orthogonal.

Differentials of a functions

For a funcjtiﬂn y = f(x)
dy=f(x)dx
is called the differential of functions f(x)
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dx the differential of x is the same as {he actual change in x

1.e. dx = Vx where as dy the

differential of y is the approximate change in the value of the functions hich
1S different from the actual change Vy in the value of the functions.

Distinction between the increments Ay and the differential dy

) e
/1 .
J/ - Ay
/= | dy
//_' !
= | Ax = d-I
b
x x + AX
(x + dx)

Approximation to the curve

If f is differentiable at x , then the tangent line to the curve y = f{x)
at X, 1s a reasonably good approximation to the curve y = f(x) for value of x

near X Since the tangent line passes

through the point (xg, f(xo)) and has slope f(xg). the point-slope form of

1ts equation 1s
y — f(x0) = f(xe)(x — x0) or

y =1(xo) + f(xn} (X — X0)

f(x) \]_
x=4danddx = Ay
ﬁ.}f—Vx+Ax }
V7 -4 -

Ijiy '\[; lhen

= d d
Y
L 27

EXAMPLE

58
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Example Using differentials approximation

for thevalue of cos 61 °.
Lety =cosx and x =60°
thendx =61°-60°=1°

Ay = dy = — sinx dx = — sin60° (1°)

gﬁ(;]

2 180"

Now y =cos X
y+AYy = cos (X+AX) = cos (x+dx)
= cos (60°+1°)=cosa1°
cosO1° = y+Ay = COSX + Ay

::m::hﬁ.t'if]‘“—'\/5 ( l }

2 l1g0 ™
610 < - V3 [l
COSBET=5 72 L1go ™

=0.5-0.01511 =0.48489
cos61° = 0.48489
Example
A box with a square base has its  height twice is width.If the

width of the box is 8.5 inches with a possible error of
T 0.3 inches

Let x and h be the width and the height
of the box respectively. then its volume
V 1s given by
V =x’h
Since h = 2x, so (1) take the form
V=2x"
dV = 6x” dx

Since x = 8.5, dx = +0.3, so
putting these values in (2), we have

dV = 6 (8.5)" (+0.3) =+ 130.05
This shows that the possible error in the
volume of the box 1s +130.05.
TOTAL DIFFERENTIAL

If we move from (x,, y,) to a point (X, +dx, y, + dy) nearby, the

resulting differential in fis
df = fx (x0. yo) dx + fy (xo0, yo) dy

Tl"l;n e 3wt FRa 1sas o e rr ot A e n'F
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f is called the total differential of f.

EXACT CHANGE
Area = xy
x=10,y=8 Area = 80

x=10.03 y=8.02  Area=_80.4406
Exact Change in area = 80.4406 — 80
= (0.4406
Example
A rectangular plate expands in such a way that its length changes from

10 to 10.03 and its breadth changes from 8 to 8.02.

Let x and y the length and
breadth of the rectangle
respectively, then its area is
A=xy
dA = A dx + Aydy = ydx + xdy
By the given conditions
x =10, dx =0.03, y=8.dy =0.02.

dA = 8(0.03) + 10(0.02) = 0.44
Which is an exact change.

Example
The volume of a rectangular parallelepiped i1s given by the formula V = xyz. If this solid

is compressed from above so that zis decreased by 2% while x and y each is
increased by 0.75% approximately
V =xyz
dV = V;d x + Vydy + Vzdx
dV = yzdx + xzdy + zydz (1)

0.75 0.75 2
=700 %Y =100 ¥ 9=~ 100 Z
Putting these values in (1). we have
075 075 2
dV'="T00 Y% 100 X2~ 100 W2
05 05
== 100 %= 100"

This shows that there 1s 0.5 %
decrease 1n the volume.



Example
A formula for the area A of a triangle is

A =7 absin C. Approximately what error is

made in computing A ifa is takento be 9.1
instead of 9, b is taken to be 4.08 instead of
4 and C is taken to be 30°3' instead of 30°.
By the given conditions
a=9 b=4,C =30°,
da=9.1-9=40.1,
db=4.08 -4 =0.08
3

dC =30°3" -3 :(5—[]}
3 T

=a]* P ﬁ radians

Putting these values in (1), we have

|
ﬁzE ab sin C

o (1, . 8 (1 .
dA = I [7 ab sin CJ da + b (2 ab sin CJ db

o (1 _
+ O (2 ab sin CJ dC

| 1
dA:'; bsinCda+E asmnCdb
|
+ j:"‘ ab cos CdC
1 . 0/ I ol I
—9sin30" (0.08) +—36cos 30 [—J
2 2 3600

= 2[;]({].1)+3(;](U.08)+18(—§] [;%] =0.293

p)
[].;93 <100 — 0.293

d ==
2

4sin30" (0.1)+

% age change in area = x 100 =3.25%
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LECTURE No.14
EXTREMEA OF FUNCTIONS OF TWO VARIABLES

In this lecture, we shall find the techniques for finding the highest and lowest points on
the graph of a function or, equivalently, the largest and smallest values of the function.

The graphs of many functions form hills and valleys. The tops of the hills are relative
maxima and the bottoms of the valleys are called relative minima. Just as the top of a hill
on the earth’s terrain need not be the highest point on the earth , so a relative maximum
need not be the highest point on the entire graph .

Absolute maximum ,

A function f of two variables on a subsetof R is said to have an J) absolute (global)
maximum y;|ue on D if there 1s some point (.r 0, }'U) of D such that value of f on D

f (xo0, yo) > f (x, y) for all (x, y) € D

In such a case f{ X0 vn) is the absolute maximum
b

Relative extremum and absolute extremum
minimum at (X‘D‘ Y o). then we say that f has a

If f has a relative maximum or a relative
relative extremum at (X ¢.¥ p), and if f has an absolute maximum or absolute minimum at

(XY (), then we say that f has an absolute exiremum at (X 4y ).

Absolute minimuam

2

A function f of two variables on a subset D of R is said to have an absolute (global)

minimum value on D

if there is some point (Xg, Yp) of D such that

f(x0, y0)<f(x,y) for all (x, y) € D.

In such acase £ (xp, yo) is the absolute minimum valueof fon D

Relative (local) maximum

The function f is said to have a relative (local ) maximum at some point (x0,y0) of its
domain D if there exists an open disc K centered at (x0,y0) and of radius r

K={(x, y) € R” slx — .m)z iy j!b‘“JE < f'E]
Withg « p such that

f(xo, yo) 2 f (x,y) for all (x,y )



Relative ( Local ) Minimum

The function f is said to have a relative ( local ) minimum at some point (.x,.y,) of D
if there exists an open disc K centered at (x,, y,) and of radius r with K < D such that
F(x:3) = flxy) forall (x,y)ek

ot LTI [ A TV R —

ﬂ. @ 3 -
4 { y
P :
a-l 3

LS = i =¥

-.":' X kT TSR

Abrrdidte Tt m

Extreme Value Theorem
If f (x, y) is continuous on a closed and bounded set R, then f has both
an absolute maximum and on absolute minimum on R ,

Remarks

If any of the conditions the Extreme Value Theorem fail to hold, then there is no
guarantee that an absolute maximum or absolute minimum exists on the region R.

Thus, a discontinuous function on a closed and bounded set need not have any absolute
extrema, and a continuous function on a set that is not closed and bounded also need not
have any absolute extrema.

Extreme values or extrema of f

The maximum and minimum values of f are referred to as extreme values of extrema of {
.Let a function f of two variables be defined on an open disc

K = {&, jy‘):ﬂf—ﬁt’ﬂ)2 -*-(\-’_}"U)2 <f’2 }.

Suppose f (*0s _»_.~_“) and f‘! (xg, ) ) bothexiston g

If f has relative extrema at (x0,yo).then

fx(xo0, yo) =0 =Ffy(xo, yo).
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o d Relalve =
MELmyem .

I = Xy

Saddle Point

A differentiable function f(x, y) has a saddle point (a, b) if in every open disk
centered at (a, b) there are domain points (X, v) where f (x, y) > 1 (a, b) and domain
points (x, y) where f (x, y) < f (a, b). The corresponding point (a, b, f (a, b)) on the
surface z = f (x, y) is called a saddle point of the surface

Remarks

Thus, the only points where a function f(x,y) can assume extreme values are critical
points and boundary points. As with differentiable functions if a single variable, not
every critical point gives rise to 0 a local extremum. A differentiable function of a single
variable might have a point of inflection. A differentiable function of two variable might
have a saddle point.

EXAMPLE

Fine the critical points of the given function
fx,y) =x +y3 — daxy,a > .
fo f, exist at all points of the domain of f.
S=3x%—3ay, [f.= 3y" —3ax
For crtical pomts f, =f, =0.

Therefore. X - ay =0 (1)

and ax—y =0 (2)
Substituting the value of x from (2) into (1),
we have

=
Gl ay = ()
Yy —a’) =0
y= 0, y=a
and so

x =0, X= qa.
The critical points are (0, 0) and (a, a).
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Overview of lecture # 14

Topic Article # page #
Extrema of Functions of Two Varnables 16.9 833
Absolute maximum 16.9.1 833
Absolute manimum 16.9.2 833
Extreme Value Theorem 16.9.3 834
Exercise set Q#1.,3.5,7.9,11,13,15.17 841
Book

CALCULUS by HOWARD ANTON



85

LECTURE No. 15

EXAMPLES

Example: Find the critical point of f(x,y) = \/ X+ }-‘l.

2 2

f(x,y) = \/1’ +)
. x
f-\’(l, _v) — '\f_’t:_l_ }?:

)
Pl ) =75 =
X+ ¥

The partial derivatives exist at all points of the domain of fexcept at the origin which i
in the domain of / , Thus (0, 0) is a critical point of f
Now fx,y) =0onlyif x=0and
flx,y) =0onlyif y=0
The only critical point is (0,0) and £(0,0)=0

Since f (x, y) 2 0 for all &, y),£ (0, 0) = 0 is the absolute minimum value of
I 2

y=0

z = \/x% + y°

I

Example : Find the critical point of f(x,y) =x" + y".

z=1(x,y)=x 2y y"’1 (Paraboloid)
fx (x,y) =2x, fy(X,y)=2y
whenfx (x,y)=0, f; (X, y)=0
we have (0, 0) as critical point.



2= x?% 4 42

Example: Find the critical point of z=g(x,y)=1-x" — y°.

z=g(x,y) = I-x" -y (Paraboloid)
& (X, y)="2x, g(x,y)=-2y

whengx (x,y) =0, g (x,y) =0
we lave (0, 0)as critical pant.

LT

Example: Find the critical point of z=h(x,y) = v’ —x".

Z= h(K.y)':}'h*'Kz (Hyperbolparaboloid)
he(x,y)=—2%x, h(x,y)=2y
whenhy (x. y) =0, hy(x,y)=0

we have (0, 0) as critical pant.
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= f, =
'\/K" +y \/K Fy
The point (0,0) is critical point of f because the partial derivatives do not both exist. It

is evident geometrically that £x(0,.0) does not exist because the trace of the cone in the
plane y=0 has a corner at the origin.

The fact that £ (0.0) does not exist canalso be seen algebraically by noting
that §0,0) canbe interpreted as thederivative with respect to x of the function

f(x.0)=Nx+0 = |x| atx=0.

But |x|is not differentiable at x = 0, so f (0,0) does not exist. Similarly,
£(0,0) does not exist. The function f has a relative minimum at the critical
point (0,0).

The Second Partial Derivative Test

Let f be a function of two variables with continuous second order partial derivatives

in some circle centered at a critical point (xo, yo). and let

D = f.tx (X0, }’ﬂ) f}‘j' (X0, }’ﬂ) = f z;r_v (X0, .}’ﬂ)

(a) fD>0 and fdx0,¥9 >0 . then fhasa
relative minimum at (xp,yo).

(b) If D >0 and f«(x0,¥0) < 0, then { has a
relative maximumat (x,yo).

(c) If D<0, then f has a saddle point at
(X0,y0).

(d) If D=0 . then no conclusion can be
drawn.

REMARKS
If a function f of two variables has an absolute extremum (either an absolute maximum
or an absolute minimum) at an interior point of its domain, then this extremum occurs at
a critical point.
Example:

flx,y) =2x" —4x+xy" =1

‘fl ("[‘" :1") - 4'1‘_4-1_ }"‘3'_ vf‘i_l ('r" Ji) — 4
F(xy) = 2xy, fox,¥)=2x, [, (xy)=Ff.(xy)=2y




For the critical points, we set the first partial derivatives equal to zero. Then
f(xy)=0 = 4x-4+y =0 (1)
fo(x,y) = 0 = 2xy=0 (2)

= x=0o0or y=0
When x=10, then by (1). 4(0)-4—1— }‘3 =0 = vy
When v=0, then by (1), 4x-4+0"=0 = 4x-4 = x=1
So the critical points are (1, 0), (0, 2) and (0, —2).
Now we check the nature of each point:
Ar (1,0), f.(L0) =4

£, (L0)=2(1)=2
[, (1L,0) =2(0)=0
D= f,0.0)f,0.0) - f,00)] =4x2-0" =8

Since D > 0 and f_ (1,0)1s positive, so f has a relative minimum at (1,0).

2

=4 = y==%x2

At (0,-2). £.(0,~2) =4
£,(0.-2)=2(0)=0
£.,(0,-2) =2(-2)=—4

D= f,(0,-2)f,0.~2) - £, (0.-2)] = 4x0~(-4)" = 0-16=-16

Since D < 0, so f has a saddle point at (0,-2).

At (0,2), [.00.2)=4, f.(0,2)=2(0)=0, f (0,2) =2(2)=4
D= £.(021,02-[£,02] =4x0-(4)" =0-16=-16

Since D < 0, so f has a saddle point at (0. 2).

Example:

f(I- }’) _ E—t,r:+,-.-:+LH

_f_-lr(x- },) = 2(‘1_ 4 l) E-i ;3_,.5.3.1-1:[‘ fu(.r. _\-’) - I:(—_?,_x'— 2)3_ 2:| E—-ltg.l':i"-..l-'l;].
L{xy) == Py KT f.(xy) = [4 y —2].9“-"5'*"':*1"’

£ (5 y) = = 2y(<2x-2) e ¥ 42
For critical points,
put ff('r" T] =0 = “2(1‘-!-1)3_{'!;““1"1” ={)

= =2 () x+1=0 > x=-1
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FUI f1 (x. J’) = 0 — 2},{},—1.-"—6 4+l 0

= _28_.l1r3+.\=+3x} - U* J_'- — n
The critical point is (-1,0).

ook =2 )-2) -3

=[0-2]e ™ =—2¢' = —2¢

. [-uhuhz{-u] B

fo(~1,0) = [4(0)“-_2]&, l
fr_,,.(‘—l. D‘] = —,?.Jr(—,?_r — 2)_{:‘-' o4 2 +21) = 2(0)(_2(_1) B 2) E_['_”:m:ﬂ‘_”_] -

D= f.(-LO 1,10 - [£,(-1O)]
= (~2¢)(~2¢)-(0)" = 4¢’

Since D > 0, sof, (-=1,0) has a maximum point at (-1,0).

EANRE fiy) = 20 4~ 2y

f(x.y) = 8x - 2x. fy(x, yj— Z}f =2
fx (X, ¥) = 24x - 2, yw(Xx,y)=
ix:, (x,y)=0
For critical points
A fx(x, y)= 0,
2x (4x —1)=0, x=0,1/2,-1/2
fy(x,y) =0,
2y —2 =0, y=1

Solving above equation we have the critical

+ 1 (L
points (0,1), [— 5 I} [2 ; 1] .
f"ﬁ (0.1) =" 2! f:’ﬂ" (01 i) =3 21

fx}' (0, l) — 0 ,
D — f:(ﬂ, 1) fﬂ~ (ﬂ, 1) - f-'sy (ﬂ, 1)

=(—2)2)-0=—4<0
This shows that (0, 1) is a saddle point.

[ (%1} =4, f, (%lj =2, .1, (%1] =0
=12}, (81 (2] -7 -5

2
Since [ ( } 4>0, so fis minimum at(i,l].

Je

2

—

|
2’
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Example
Locate all relative extrema and
saddle points of

f(x,y) =4xy —x? —y*,
f(x, y) =4y —-4x’, £ (x,y) =4x -4y
For critical pomts
. [-.1 l:}\'... }r) =0
dy —4x' =0 (1)
y=x
) f} (X, Y) =)
dx =4y =0 (2)
x= }*3

Solving (1) and (2), we have the

critical points (0,0), (1, 1),61, —1).

NDW fu (K.. y) — : 127{2, fxx (U, U) = 0

fyy (X, y) =— 12y, £y (0.0)=0

fxy (K, Y) = 4, f:q:y {0, 0) =4

D = £ (0,0) £ (0,0)— £y (0,0)

= () O)—M@E)=-16 <0

This shows that (0,0) is the saddle point.
f (x,y) == 12x, fu(1,1)==12<0
fy (Ry)=—12y, f (1,1)=—12
fxy (X, y) =4, iy (1.1) =4
D =f« (1,1) £y (1,1)— I:,’}(1,, 1)

=—12)+12)—@4) =128>0

This shows that f has relative maximum at
(1,1).

fis (x,y) =—12x, fux(-1,-1)=-12<0

(X, y)= =2y, & (-1 -1)=—12

ijr' (X, }”‘—‘4, ij.' (= 1,"_ 1):4

D=t (-1-1) fiy (~1,-1)-Fy(-1,-1)
—(-12)12)-4) =128>0

This shows that f has relative maximum

Page #
836

=1,=1).
Overview of lecture #15 Book (Calculus by HOWARD ANTON)
Topic # Article #
Example 3
Graph of f(x.y) 16.9.4

The Second Partial Derivative Test 16.9.5
Example 5
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836
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LECTURE No.16
EXTREME VALUED THEOREM
EXTREME VALUED THEOREM

If the function f is continuous on the closed interval [a, b], then f has an absolute
maximum value and an absolute minimum value on |a, b]

Remarks

An absolute extremum of a function on a closed interval must be either a relative
extremum or a function value at an end point of the interval. Since a necessary condition
for a function to have a relative extremum at a point C is that C be a critical point, we
may determine the absolute maximum value and the absolute minimum value of a
continuous function f on a closed interval [a, b] by the following procedure:

I. Find the critical points of f on [a. b] and the function values at these critical points.
2. Find the values of f (a) and f (b).

3. The largest and the smallest of the above calculated values are the absolute maximum
value and the absolute minimum value respectively

Example: Find the absolute extrema of f(x)= x*+ x*-x+1 on [-2.1/2]
Solution: Since f is continuous on [-2,1/2], the extreme value theorem is applicable.
For this

f/(x) =3 x*+2x-1

This shows that f(x) exists for all real numbers, and so the only critical numbers of £ will
be the va}ues of X for which f (x)=0.

Setting {(x) =0, we have
Bx-1)x+1)=0
from which we obtain

1
x==1 and X =3

] C . :
The critical points of f are -1 and 3 and each of these points 1s in the given

closed interval § ) We find the function values at the critical points and at the end
points of the interval, which are given below.

f(—2)=—1,1tC1)=2, ~

(122 t@ 1
3, ~27* "2 "8

. : !
The absolute maximum value of f on-2, EJ is therefore
2. which occurs at— 1, and the absolute min. value of f on

J‘ i . 5
(-2, 3)is— 1, which occurs at the left end point—
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Example:
Find the absolute extrema of
f(x)=(x — 2)23 on [1. 5].

Since f is continuous on [1. 5], the extreme-value theorem 1s applicable.

Differentiating f with respect to x, we get

)= T2

There is no value of x for which f(x) = 0. However, since f (x) does not exist at 2,

!

we conclude that 2 1s a critical point of f,

so that the absolute extrema occur either at 2 or at one of the end points of the interval. The
function values at these points are given below.

3
fly=1, =0,  f5=19
From these values we conclude that the absolute mimmum value of fon [1,5]1s 0,
occurring at 2, and the absolute maximum value of f on [1, 5] 1s > '\fa Joccurring at 3.

Example:
Find the absolute extrema of
h(x) =x" on [-2, 3].

B

1/3 —
=1 I.F3
3IX

J 2 .
h(x)= 5 X
I]T'(x) has no zeros but is undefined at x = 0.

The values of h at this one critical point
and at the endpoints x =— 2 and x = 3 are

h(0) =0
B (= 2) — 2y - G
h(3)=(3) =9

1/
The absolute maximum value 1s 9 assumed at x = 3; the absolute minimum is (), assumed at
x = ().

How to Find the Absolute Extrema of a Continuous Function f of Two Variables on
a Closed and Bounded Region R.
Step 1.

Find the critical points of f that lie in the interior of R.
Setp 2.

Find all boundary points at which the absolute extrema can occur,
Step 3.

Evaluate f(x,y) at the points obtained in the previous steps. The largest of these
values is the absolute maximum and the smallest the absolute minimum.




Example:
Find the absolute maximum and minimum value of

flx,y) = 2+ 2x +2y-x>-y’
On the triangular plate in the first quadrant bounded by the lines x=0,y=0,y=9-x
Since f is a differentiable, the only places where f can assume these values are points
inside the triangle having vertices at O(0,0). A(9.0)and B(0,9) where fx = y=0 and points
of boundary.

(9/2.9/2)

y=0 A(9.0)
For interior points:

_We have fx=2-2x=0 and f{;=2-2y=0
yielding the single point (1,1)

For boundary points we take take the triangle one side at time :
1. On the segment OA, y=0
U(x) = f(x, 0)=24+2x-x>

may be regarded as function of x defined on the closed interval 0<x<9 Its extreme
values may occur at the endpoints x=0 and x=9 which corresponds to points (0, 0) and
(9, 0) and U(x) has critical point where

U'(x) = 2-2x=0 Then x=1
On the segment OB, x=0 and
V(y)=f(0,y)= 2+2y-y*

Using symmetry of function f, possible points are (0,0 ),(0,9) and (0,1)
3. The interior points of AB.
Withyzg-x.wehaveT i
f(x, y) = 24+2x+2(9-X )x—(9- x)
W(x) = f(x, 9-x) = - 61 +18x — 2x°
Setting w(x)= 18 -4x =0, x = 9/2.
At this value of X,y =9-9/2

99
Therefore we have (5:5)asa critical point.
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f (-L 1}) -61 : 3 4

The absolute maximum is 4 which t assumes at the point (1,1) The absolute minimum is
-61 which f assumes at the points (0, 9) and (9,0)

EXAMPLE

Find the absolute maximum and the absolute minimum values of
f(x,y)=3xy-6x-3y+7

on the closed triangular region r with the vertices (0,0), (3.0) and (0,5) .

f(x, y)=3xy—6x—3y+ 7
fx, y)=3y-6, f(x y)=3x-3
For critical points
fy (x,y)=0
3y—-6=0
=3,
(X, y)=0
3x=3=0
x=1

Thus, (1, 2) 1s the only critical point in the interior of R. Next, we want to determine the
location of the points on the boundary of R at which the absolute extrema might occur.,
The boundary extrema might occur. The boundary each of which we shall treat
separately.

(i) The line segment between (0, 0) and (3, 0):
On this line segment we have y=0 so (1) simplifies to a function of the single variable x,

u(x)=f(x,0)= - 6x+7,0 <x<3

This function has no critical points because u'(6)=-6 is non zero for all x . Thus, the
extreme values of u(x) occur at the endpoints x = 0 and x=3 , which corresponds to the
points (0, 0) and (3,0) on R

(ii) The line segment between the (0,0) and (0,5)
On this line segment we have x=0 ,so single variable y.
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viy)=f(0,y)= —3y+7,0 <y<?

This function has no critical points because v (y)=-3 is non zero for all y. Thus ,the
extreme values of v(y) occur at the endpoints y = () and y=5 which correspond to the
point (0,0) and (0,5) or R

(iii) The line segment between (3,0) and (0.5)
In the xy-plane, an equation for the line segment

y:—%x+5. 0<x<3

So (1) simplifies to a function of the single variable X,

2

“’(K) :f (K. 2

=—5x+14x—8, O0<x<3
wi(x)=—10x+ 14

X +95)

wi(x)=0
10x + 14 =0
A
275
This shows that x = i is the only critical point of w. Thus, the extreme values of w

5

; 263 . 7 : .
occur either at the critical point x = ;DI‘ at the endpoints x=() and x=3.The endpoints

correspond to the points (0, 5) and (3, 0) of R, and from (6) the critical point corresponds

[? 8}
0 ==
5°3
) (1,2)

E
(xy) | (0,0) | (3.0) | (0.5) [g,

f(x,y) 7 — 11 -8

Finally, table list the values of f(x.y) at the interior critical point and at the points on

the boundary where an absolute extremum can occur. From the table we conclude that the
absolute maximum value of fis f(0.0)=7 and the absolute minimum values

is f(3.0)=-11 .

OVER VIEW;

Maxima and Minima of functions of two variables.
Page # 833

Exercise: 16.9

Q #26,27.28.29.



LECTURE No. 17
EXAMPLES

EXAMPLE
Find the absolute maximum and minimum values of f(x,y)=xy-x-3y on the closed
triangular region R with vertices (0, 0). (0, 4), and (5, 0).

fix,y) =xy —x —3y (1)
Lx,y)=y—-1, hLxy=x-3
For critical points
(X, y)=0,y —1=0

y= 2)
L (x,y)=0,3x—3=0
x=3 (3)

Thus, (3. 1) 1s the only critical point in the interior of R. Next, we want to determine the
location of the points on the boundary of R at which the absolute extrema might occur.
The boundary of R consists of three line segments, each of which we shall treat
separately,

(i) The line segment between (0, 0) and (5,0)

On this line segment we have y = 0, so (1) simplifies to a function of the single variable

- u(x)=f(x,0)=-x,0=x<5 (4

The function has no critical points because the u'(x)=-1 is non zero for all x. Thus, the
extreme values of u(x) occur at the endpoints x=0 and x=5 . which corresponds to the
points (0,0) and (5,0) of R.

ii) The line segment between (0,0) and (0,4)
On this line segment we have x = (), so (1) simplifies to a function of the single variable
Y,

vyt (0,y)=—3y,0<y<4. (5)

This function has no critical points because v (y)= -3 is nonzero for all y. Thus, the
extreme values of v(y) occur at the endpoints y =0 and y=4 ,which correspond to the
point (0.,0) and (0.4) or R.

iii) The line segment between (5,0) and (0,4)
In the xy-plan, an equation 1§

4
y :—E&M,Oixg_ﬁ (6)

so (1) simplifies to a function of the single variable x,

96



i

w(x)= f(x, —;;rx +4)

4 4 |
=xX(——x+4)-x-3(——x+4)
d 5

- 27

=——x'+—x-12
5 S
; 8 27
Wx)=——Xx+—
5 S
27
by w'(x)=0, we get x= ?
: 27 . . :
This shows that x :? is the only critical point of w. Thus, the extreme values of w
: . 27 :
occur either at the critical point x= ) or at the endpoints x =0 and x =5. The
endpoints correspond to the points (0, 4) and (5, 0) of R, and from (6) the critical point
27 13
corresponds to | —,—
§ 10
(X, y) (0, 0) (3. 0) (0,4) (27/8, 13/10) (3, 1)
f(x,y) 0 -3 -12 -231/80 -3

Finally, from the table below, we conclude that the absolute maximum value of f is
f (0,0) = 0 and the absolute minimum value 1s  f(0,4)=-12

Example

Find three positive numbers whose sum is 48 and such that their product 1s as large as
possible

Let X,y and z be the required numbers, then we have to maximize the product

f(x,y)=xy(48-x-y)

Since
fx=48y-2xy-y* . y=48x-2xy-x
solving =0 |, fy=0
we get x=16, y=16, z=16
Since x+y+z=48
f(x,¥) = - 2y, £.(16,16)=-32<0
fin(x, v) =48-2x-2y, L(16,16)=-16
fiv(x, y) = -2x, fue(16, 16) = -32

D=1 (16,16 )fy7{16,16 - +,(16,16)
=(—32)(—32)—(16) =768 >0
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Forx=16,y=16wehavez=16since x +y + z =48
Thus, the required numbers are 16, 16, 16.

Example

Find three positive numbers whose sum is 27 and such that the sum of their squares is as
small as possible

Let X, y. z be the required numbers, then

we have tn

f(x,y) = x + y +7
—x 4+ y +(27—x— y)
Since x+y+z = 27
fx=4x+2y-54, £ =2x+4y-54,
fxx=4, fyww =4, fxy = 2

Solving =0, =0
Weget x=9, y=9,z=9
Since x+y+z = 27

D=1«(9,9) & (9 911y (9, 9)]
=(4) (4)- 2' 12>0

This shows that { 1s minimum

Xx=9,y=9,z=9, so the required

numbers are 9, 9, 9.

Example
Find the dimensions of the rectangular box of maximum volume that can be
inscribed in a sphere of radius 4.
Solution:
The volume of the parallelepiped with dimensions X, y, z 1s
V =xyz
Since the box is inscribed in the sphere of radius 4, so equation of sphere is

X+ y>+ z’=4" from this equation we can write z = \/16 —x” =y~ and putting this value of

“z” in above equation we get V = _1}\/ 16—x" —y* .Now we want to find out the

maximum value of this volume, for this we will calculate the extreme values of the
function “V". For extreme values we will find out the critical points and for critical points
we will solve the equations V=0 and Vy=0 .Now we have

> xv(—2x
V.= }r\/lﬁ—f—y* + N0

2\[16—- X =y
SV = ys 2% — ,1:‘ +_116 . Now V. =0=> yd —2X — J:“ +.1ﬁﬁ L _{
h \/16—.1'“ -y L \/16—.1“ -y
= -2x" =y +16=0= 2"+ ¥* = 16.ccceccrrcerrnnn (@)

Similarly we have
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ay(=2y)

V, = x\/lﬁ —xX =y +

2,16 x> —
2 gl . —x2_"
=V, = x4 .'1 h{ +'116=-N0w V=0=x § 2y 416 =0
16— 21—y J16—x% =y
== = —?v +16=0= x° +"?1 =3 1 P (b)
- .. 4 4
Solving equations (a) and (b) we get the x=— and y=—

V3 V3

xy(2x +3y° -48)

Now V = (We obtain this by using quotient rule of differentiation)
(16—x"—y" )“-
= —1—6 =<0
B
Ao we have weslenlate V=2 x 42y _,;13) and V. ( 2 y=-15 c0Als0
{16—.1‘1—_1'3}'5 \f_ \!_ \f_

4 4
note that V_ ( 5 \/_ =— % Now as we have the formula for the second order partial
derivative is f.f, —( f“ )” and putting the values which we calculated above we note

320

that f_( —+—>-[]W]]1Ch shows that the

= j-) m[ \F) (f“(( J-n"

function V has maximum value when x=— and y=

4

ﬁ V3
% y= 4 and z 4
= V== di==." ="
55 5

Example: A closed rectangular box with volume of 16 ft° is made from two kinds of
materials. The top and bottom are made of material costing Rs. 10 per square foot and the
sides from material costing Rs.5 per square foot. Find the dimensions of the box so that
the cost of materials 18 minimized
Let x, y. z, and C be the length, width, height, and cost of the box respectively. Then it is
clear form that

C=10(xy+xXy)+5(XZ+XZ)4+5(YZ+YZ)---=-mmmrmennn (1)

C=20xy+10(x+y)z
The volume of the box is given by

. So the dimension of the

rectangular box are x =

Putting the value of z from (2) in
(1), we have

16
C=20xy + 10 (x + y}";

= 20 xy +—0 J

160 160
=20y - =% C, =20x — ="



For critical points

C.=0

16()

= —0and G, =0

=
20x -2 _g

20y —

Solving these equations, we have
x = 2, y = 2. Thus the critical point
is (2, 2).

320
Cax (X, ) =77

320
Cix (2, 2]:?:40‘;}[}

320
Coy (X ) =y
PNE T

C:q.* (X, YJ =20
C,y (2,2) =20

Cxx(2.2) Cyy(2.2) — Coxy(2,2) =(40)(40)-(20)*=1200=0

This shows that S has relative minimum at x = 2 and y = 2. Putting these values in (2), we
have z = 4, so when its dimensions are 2 X2 x4,
Example

Find the dimensions of the rectangular box of maximum volume that can be
inscribed in a sphere of radius a.
Solution:
The volume of the parallelepiped with dimensions X, y, z is
V =xyz
Since the box is inscribed in the sphere of radius 4, so equation of sphere is

X+ y*+ z’= 4" from this equation we can write z = \/ﬂ: —x" -y~ and putting this value of

"z 1n above equation we get V = .TC}*-JHE —x" =y’ .Now we want to find out the

maximum value of this volume, for this we will calculate the extreme values of the
function *V". For extreme values we will find out the critical points and for critical points
we will solve the equations V=0 and V,=0 .Now we have

: ' 2 9 .1'\”{—2.1:)
V, = ya* =x* = y? +—=

| z -

a —x =y

2x =yl +a’ 2t —vi+a’
' » Now V. =0= vy« . =10
. 2 2 i - .
k ‘\/ﬂ =X =y =y

3 . 2 2 2
= =2X =Y #16=02 2X 4+ Y =@ ..coerrreeeraraserens (a)

=V, =5
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Similarly we have

3 3 .1".(_2 T)
VT = IJHE —I1 —-Y

2 a—l.—y

| =2y +a | | X =2y +a’ |
=V, =x1— = » Now V. =0= x- — > =10
i ) 2 > . 2 i »
.. \(a“ -—X -y \/fr —X =y
=y p Eyj‘ +at=0= x"+ 2}*1 R (b)
a a
Solving equations (a) and (b) we getthe x=— and v=—=

] g

(2 2=
V(2¥" +3y” - 3a) (We obtain this by using quotient rule of differentiation)

Now V,, =

(a°—x" — ) )-

g

a2
J=—=—=={)

V5B

Also we have to calculate V=

7 T S T 1
xy(ax™ + 2 3a’ )andV {

II’“T

(a®—x" —y°)?

Also note

a 2a

BB B

derivative is f,_.f.. —(f, )" and putting the values which we calculated above we note

2[]:1
3

that V, (

—— Now as we have the formula for the second order partial

a

)= () Which shows that the

that f_(

'...hl

\/—\/—)J‘“(\/— \/-] (fx..-.(\/-

function V has maximum value when x=-—= and y=-—+ . So the dimension of the

B

ol =

a a a
rectangularbox are x=—,y=—7 and z=—F

NERVE V3

Example: Find the points of the plane x + y + z =5 in the first octant at which
f(x,y,z) = xy"z" has maximum value.
Solution: Since we have f(x,y z) = xy°z" and we are given the plane x +y + z= 5 from
this equation we can write X =35 —y — z . Thus our function “f" becomes
f((5-y-2),yz)=(5-y-z ]y'r Say this function u(y,z) That is u(y.z) = (5 -y — z )y’z*
Now we hﬂve to find out extrema of this function. On simplification we get
u(y Z) =35 'y Pyt —y
= lﬂy.e: L3y z i 2y2’
= yz~ [Iﬂ 3y— 22z)
u, = 10yz— 23!31 ~3yz
yz (10 =2y - 32)
0, u,=0
0, z=)
10—-3y-2z2=0
10=2y—-3z=10

[l

"r'

y

—
—
p—
—
—
—



On solving above equations we get — 10+5z2=0=z=2and 10— 3y-4=0=y=2
Uy =102 - 6yz =27

u, = 10y’ -2y - 6y°z
u}.I:EU}*z~6y31— 6yz

at

y=id z=2

Uy (2,2) =40 - 48 — 16 =—24 <0
y(2.2) =40 - 16— 48 =— 24
u,;(22)=80—-48-48=-16
D=ugu, - (uyz)l

= (-24) (- 24)- (- 16)

= 576 - 256

= 320>0
Fory=2andz=2

We havex=5-2-2=1

Example: Find all points of the plane x+y+z=5 in the first octant at which f(x,y,z)=xy’z’
has a maximum value.
Solution:

2 2 2 2

fixyz)=xyz =xy G=x-y)
) Since x+y+z=35

L=y (5-3xy)5—=xy).

fy = 2xy(5—x—-2y) (5—x—y)

Solving fx =0, fy = 0, we get

x=1,y=2,z=2 .. x+y+z=15

f,,;,.;:—j.?1 (5-3x-y) - 31#3 (5—x-5)
fy=2y (5-%-y)(5-3x-y)-y (5-3x-y)

—y 5-x-Y)
£, =2x(5—%~y) (5—x—2y)-2xy(5—x—2y)

—4xy (5 —-x-y)
£.(1.2,2)=-24 <0
f,, (1,2 2)==16
f,(1.2.2)=—8
fox By — (£y)” = (-24)(-16)~(-8)’

=320> 0

Hence “f" has maximum value when x = | and y = 2. Thus the points where the function
has maximum valueis x=1.,y=2andz=2.
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LECTURE No. 18

REVISON OF INTEGRATION

1
Example 1: Consider the following integral_[(,n‘ + vy Jdx
1

Integrating with respect to x, keeping y constant, we get
l I I
_[{";c}* + v )dx = y| xdx + _1'3_[.1511

0 0 0

|

P

2
x
=y|=— +y°
15 ,
()

.1']:1 = y(%—— 0)+ y* (l -U)

Ll

i

3 v
I (xy+ Yy )dx="—+y°
g 2

1
Example 2: Consider the following integrﬂlj{xy + vy )dy
0

Integrating with respect to v, keeping x constant, we get
! I 1
I(A:}‘ +y )y = ,1'_[ ydy + J- ydy
0 i 0

:

Y- i X .2 1 | R 3
=xl— +|= ==@*-0")+=(I’-0°)
2 3 2 3 |
0 L
| 3 x 1
:‘>I(.T_‘l'+}’ dy =—+—
% 2 3

Double Integral

Symbolically, the double integral of two variables x and y over the certain region R of the

xy — plane is denoted by ﬂ f(x, y)dxdy .
R

Example: Use a double integral to find out the solid bounded above by the plane
z = 4 — x — y and below by the rectangle R = {(.1‘_. ¥y):0=x<£1,0=5y< 2.}

Solution: We have to find the region “R”out the volume “V* over that is,

V= H (4—x—v)dA
R

And the solid is shown in the figure below.
= i

\e
I

|

|

[
I

A
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V= _”(4—.1'— V)dA = ij(ﬂi—x— y)dxdy = ia‘lx———_{r dy
R 00 0

2z
7 7 ’
:I — = dfr: _Jr_L 5
2 2 2

]

b

[l

k]
Example 3: Evaluate the double integral “'(.1?_\' + y* )dxdy

(Y

11 i 2 L 3
Solution :I I (I}' 3= }?2 )chﬂt_‘p = I [ y J; e }-3 :II J d:p = I(% 4 sz } ‘;{p

i o £ ] i}

Ly 2 2
1 ¥ 2 :I(] -0 )'l'

[l

1(13 _03):i+l :l

L

11
Example 4: Evaluate the double integral J-I(.r:_v + v )dvdx
IVRLY
Solution: First we will integrate the given function with respect to v and our integral

becomes
il Ll
1!“ 1.‘"
x|l <} dx
2 3 :

j j (xy+ v )dydx = j[

{0 i (i (
t '.'.~ 3 3 ] x |1
J(% : - —(1* -0 )de'—£[§+§]dx

a |

11 ]
| 5 XX | P | 1 1 7
J-_[(.tv+j.-*“ )dydx = = 42 S —(l" —{]*)+—(1—D):—+—: —
A 4 3| 4 3 4 3 12
Remarks: The example 3 ﬂ]]d example 4 show that
]
7
jj(n + v )dxdy = _”{ xy+ y7)dydx = o
00 00
Iterated or Repeated Integral
d[ b |
The expression I If (x, v)dx |dy is called iterated or repeated integral. Often the brackets

d b d| b
are omitted and this expression 1s written as _” f(x, y)dxdy = _[ I f(x,y)dx |dy 1n

&

=

whjchj_f (x, y)dx yields a function of y , which is then integrated over the

intervale < y<d .
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=

h d h

| d o
Similarly [ [ f(x, v)dvdx=[| [ f(x,y)dy |dx in which [ f(x, y)dy yields a function of x

a o il

which 1s then integrated over the interval a < x<5b.

1 2
Example: Evaluate the integral J j (x+3)dvdx.
0 ()
Solution: Here we will first integrate with respect to vy and get a function of x then we

will integrate that function with respect to x to get the required answer. So

| 3 I
[ [ e+ 3y = [ (x+3)[y} v
00 D
l | ji I
= [(x+3)(2-0)dx = [ 2(x+3)dx=2|=+3x
U 0 = 0

- 2(%(13 —0%)+3(1 —ﬂ)] :2[%3] =7

]
Now if we change the order of integration, so we get I(.r + 3)dxdy , then we have
()

3 - I

jj{x + 3)dxdy = j (Z’ +3x)| dy

{0 0 ()

:j[%(]l —03)+3(1—D)} dy :j[%ﬂil dy :]%dy:% J’i = %(2‘0) =
O = B

0 0 =
Now you note that the values of the integral remain same if we change the order of

integration. Actually we have a stronger result which we state as a theorem.
Theorem: Let R be the rectangle defined by the inequalitiesa<x<bande<y<d. If

f (J:. J') is continuous on this rectangle, then

d b b

H f(x, y)dA = _”f (x, v)dxdy = j f(x, v)dydx .
R Coa a o

Remark: This powerful theorem enables us to evaluate a double integral over a

rectangle by calculating an iterated integral. Moreover, the theorem tells us that the

“order of integration in the iterated integral does not matter”.
n2in3

Example: Evaluate the integral j J'e"”dtd}'
a 0
Solution: First we will integrate the function with respect tox . Note that we can write
e "ase' e
in2 In3 In2 In2 in2
So we have, e ]e-' dy = j e’ (™ —e)dy = I e’ (3=1)dy = ?__[ e’ dy
4]

() 0 ) (!

L




Here we use the fact that “"e” and “In” are inverse function of each other. So we have

In2 3 in2 5
" =3 Thusweget [e'le’| ay=2[edv=2|¢ T =22-1)=2
{1 0 ()
Iniin2

Example: Evaluate the integral j I e dydx
0 u

Solution: First we will integrate the function with respect to y . Note that we can write

I 3 Ind In3 In3 in3
e"ase'.e’ So we have, j e’ le-"‘ dx = j e' (" —e")dx= I e (2—ydx= j e dx

0 0 ) i 0
Since “e” and “In” are inverse function of each other. So we have "> =2,

In3 n2 In3

Thus we get I ¢ le'| dx= I e dx =

A {1 i}

In3

E.t u' - {EIBE_E{?):(S_I):E

Note that in both cases our integral has the same value.

Overview:
Double integrals Page # 854-857
Exercise Set 17.1 (page 857): 1,3.5,7,9,11, 13, 15,17, 19
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LECTURE No. 19

USE OF INTEGRALS
Area as anti-derivatives "
4 2 g y-axis (4. 8)
_[21:(!11’22— = |x
2 )
a 0
8

=4*-0" =16

Area of triangle = % base x altitude .
% x4x8 =16 * x-axis

Volume as anti- denvatwes

g | 3 Y

V-::}Iume—j Iﬁfhdl~j5| ] dl*_l‘ 3-0 dx“i

iv 0 (

-0) =30
Geometrically, 0<x<2, 0£2v<£3,0<z<5

Volume = 2 x 3 x5 = 30

The following results are analogous to the result of the definite integrals of a function of
single variable.
THEOREM

1) ” ¢ f(x,y)dxdy = c” f(x,v)dxdy where ¢ 1S a constant.
R R

2) J;! [ f(x,y)+eglx, }-‘)]drr{v = L[ f(x,v)dxdy + J;! g(x, y)dxdy

3) ” [f{;c, y)—g(x,v) ]drd.}* = H f(x,v)dxdy — H g(x, v)dxdy
R R

R
Example: Use double integral to find the volume under the surface z = 3x° +3x”y and

the rectangle {(r y):1sx<3, 0L y< 2}.
Solution:

T
-
|
.—'1 ]

2 3 2 : L
Volume = II(S‘TF +3x7 3.1) dx dy = J' —
01 0

3 4 4 3 3
—(3 =] )+;p(3' = ) dy

4 |

2

B
LA

26y

3
—(81-1)+y(27-1)| dv=

[
= e 1

S C— |

(6{] T 26}') dy = |60y+

2

—_—

()

= |60( 2-0)+13(2 —0)| = [120+52]
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Example: Use double integral to find the volume of solid in the first octant enclosed by

the surface z = x” and the planes =2,y =0,y = 3andz = 0.

Solution : Volume = ﬂ.f dy dx = j x° v ; dx:= i x (3— [])d.x
(I () ]
, 3 |
= , y -
=3| x?dx=3— =(2°-0)=8
0 3

SOME RESULTS:
D [ fGy)daz0 if fx.y)=00n R,
R

2) J;Jf(-r..x-*)dﬂig cg(xy) dA if f(xy)2 g(x,)

If f(x.y) is nonnegative on a region R , then subdividing R into two regions R, and R,

has the effect to subdividing the solid between Rand z = f(x,y) into two solids, the
sum of whose volumes is the volume of the entire solid.

_U Jx,y) dA = H Jlxy) dA + H flx,y) dA

The volume of the solid S can also be obtained, using cross sections perpendicular to
d

y-axis. Vol (S)=[ A(y)dy —-—-—--- (1)

Where A(y) represents the area of the cross section perpendicular to y — axis ., taken at
the point y.

= = Az, ¥)

The voluimes of the entbire
solid is the asum of the
volumes of the solids

above Ty, and .

How to compute cross sectional area
For each fixed y in the intervalc < y <d, the function f(x,y) is a function of xalone ,

and A(y) may be viewed as the area under the graph of this function along the
mtervala < x < b,

b
Thus A(y) = J fx, v)dx

Substituting this expression in (1), we get
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i f(x,v)dx | dy :I I_f (x,v)dxdy —-———————-— (2)

Vol(S) =

"I'-——-‘l'._

Similarly, the volume of the solid § can also be obtained, %
perpendicular to x —axis.

4]
Vol (S ):j AlYdxy = (3)

Where A(x) represents the area of the cross section perpendicular to x —axis, taken at
the point x.

i
i J

" 4
-.l'_ n Ain
e

For each fixed x in the intervala < x < b, the function f(x,y) isa function of y alone,

..l.l..—.——

L
K.
'b.r'.
q.-

J
and A(x)is given by A(x) = I f(x,y)dy Substituting this expression in (3), we get

h [ d
Vol(S)=| | [ flx,y)dy | dx=

il

d
_[f (x,y)dydxy  ——=————= (4)

£ C—

By equations (2) and (4), H f(x.y)dA :]{ ]’- flx. y)dxdy :jt j. fx,v)dydx
R ¢ a e

Double integral for non-rectangular region
Type I region is bounded the left and right by the vertical lines v =a and x =5 and is

bounded below and above by continuous curves y=g,(x) and y = g,(x), where
g(x)<g,(x) for ag<x<h

If R isatypelregion on which f(x, y) is continuous, then

b glx)

.” Fx,3) A :_[ I f(x, y)dydx
r

a gia)
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By the method of cross section, the volume of S is also given by

b
Vol (S J:j A(x) dx ————— (5)

where A(x) is the area of the cross section at the fixed point x and this cross

section area extends from g,(x) to g,(x) in the y- direction,

31-". X J

So Ax) = [ flxy)dy
g [x)

b [ esto | b Za(x)
Using it in equation (5), we getVol(S)=[ | [ fGx.y)dy |dx=] [ flxy)dydx

¢l g102) @ glx)

i b gslx) B
The volume of § is also given by” f(x,v) dA:j _[ f(x,y)dvdx
R ¢ gilo)

Type U region is bounded below and above by horizontal lines y=¢ and v=d and is
bounded in the left and right by continuous curves x=/h, (y) and x=h,(y) satisfying
h(y)<h(y) for c<y<d.

If R isatype Il region on which f(x, y) is continuous,

i ;l_j- ‘_}"l

then” fix, )')dA:-j I J(x, y)dxdy
R

¢ hyivl
d
Similarly, the partial definite integral j f(x, v)dy with respect to y is evaluated by
holding x fixed and integrating with respect to y. The integral of the form

f
_[,f (x. v)dy produces a function of x.
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LECTURE No.20
DOUBLE INTEGRAL FOR NON-RECTANGULAR REGION

Double Integral for Non-rectangular Region
Type I region is bounded the left and right by vertical lines x =a and x =5 and is
bounded below and above by curves

y=g/(x)andy=g,(x), whereg (x)< g,(x) fora<x<b

b galx)

[[ Feeyyaa=[ [ fxy)dyds

I a gy

>

Slaennan
Tleannnn

Type II region is bounded below and above by the horizontal lines y=¢ and y=d and
is bounded on the left and right by the continuous curves x= h,(y) and x=/,(y)

Sﬂﬁ.Sfy'iﬂg hl (_}7) ﬂ hg (JI) fﬂ]_' C < v <d

d ﬂli 'I.':l

H fx.y) dtd’_fz] _[ f(x.v)dxdy
R

i h['-t,]

x=ha(¥)

.

Write double integral of the function f(x,y)on the region whose sketch is given

Ing Iny

[ [ recyydeay

10
n(in8) Ink

[ ] feeydyds

1 &
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Solution:

Ind Injy

I= I I fx,y)dxdy
| i}

Here, Imits of xare 0O<x<lhy -—-—-——- (1)
Imitsof yare 1<y<In8 —-——-———- (2

Take logrithm of each sides of (2),  0<Iny<In(In8) ——=(3) - Inl=0

Compare (1) and (3), 0<x<lny<In(In8) -—--—-—- (4)

From(4), 0<x<In(In8) and x< Iny<In(In8)

e'< y< In8
{n8) in8

So, = I j f(x,y)dydx

0 e

Write double integral of the function f(x,y)on the region whose sketch is given

_l[ ]- f(x, y)dxdy iy
i o

1 1

X, v)dvdx
{ Jj_ f(x,y)dydx

3
] 38

Solution: [ = I j f(x, y)dxdy 0

g o

Here, limits of vare 0<x<y® = 0< Jx< y ==—=(1) by taking square root
limits of yare 0<y<l ————— (2)

Compare (1) and (2), 0<yx<y<l —-———- (3)
From (3), 0<x <1 and  x< y<1

0-"::_(\/}) <P and +x<y<l

0< x<1 and  x< y<1
EXAMPLE: Draw the renmn and evaluate an equivalent integral with the order of

=

mtaﬂrduon reversed

I (4x + 2) dy dx

2 Oy, (1

(1' Ry

_/ﬁ

Ch

s NE



2

113

The region of integration 1s given by the inequalities x” < y<2x and 0 < x <2,
limits of y are x° < y < 2x —===(1)
limits of xare 0<x<2 or 0<2x<4 ————(2)
Compare (1) and (2), 0 x"<y< 2xs4 —~———(3)
From(3), 0 y<4 and 1" <y y< 2x
y y
[ 5 Al Yy S or — =X XS4
sy Ysx oo 2sass
2 2 4 ofy ] 42 J
J- J (4x + 2) dy dx= j I (4x + 2) dx dy :_I 4— +2x dy
0 0 = %

=
-
F

2
4 2 4 2
¥ A}
= 21—']—1— Zﬁ—x dy = [2 y-t—x—'—] dy
[ (5] e -] >
_.l
2 oy a2y gl o4 1
y Y- ¥y y 20y )
= |2t =|=y*t—= = —(8)+—=(16)——(64
3 2 23 3J 2 6 3()2() ()
2 0
EXAMPLE
4 2
Eva]uatelzj I ycosx” dxdy. The integral is over the region 0 < y < 4, .1‘=\/_‘_T‘ and x=2.

0

x=23

I

lxz!

(2,4)

Solution : For reversing the limits of the integral,

limitsof vare Jy<x<2 or y<x <4

limitsof yare 0< y< 4 ————(2)

By(l)and (2), 0=<y< % &4 ——ae3)

By (3). 0<y<x and 0< x <4
0<x< 2

ycos x” dydx =

=l e 10
m|"'

]‘I
(]

,
I | 4 3

z—j X cosx dx =
2{1

ey
I
a.—.ll_}

0

1

’hlc;[ cos x° (Sxi)dx

= {0

10

} |
]
COS X X ‘lll- 5 (.1

= - (S1

———=()

j)z - 03){:{15 X dx

2

= ~l—5i1132
o 10

4
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EXAMPLE: Evaluatel=_[ j e dydx.

u

N |

Solution: The integral cannot be evaluated in the given order, since ¢’ has mo anti-

derivative. So we shall change the order of integration. The region R in which

integration is performed is givenby 0<x<—, y=2x and y=1.

y

The region 1s enclosed by x =0, -1':'5 and 0< y<l1
1 % : | : ¥ f
I=_[ I e’ drd_v=j e’ ).T‘“ dy l /y=2x Or x=y/2
0 0 0 I
I v ] |
=j- J-,E'" d]? == J- 2}'&3 d\
u 2 2:-: = n lllllllll
|
I ] 1
=—|e =—(e—1
! (-1
! 0 12

3 Inx

EXAMPLE: Evaluate 1.—.j j xdydx.

I 0

Solution: The region R in which integration is performed is given by

---@3)

lllllllll

Limitsof xare I<x=<3
Inl<lnx<In3
0<Inx<In3 —--—(1)

Limits of y are 0< y<Inx ——==(2)

By (1) and (2), 0< y<Inx<In3

From (3), y<Ihx<In3 and 0f£ y<In3
¢ <x<3

2

Over view of Lecture # 20
Book Calculus by Howard Anton
Chapter # 17 Article # 17.2

and 0£ y<In3

rg 3 1 In3
- d_‘r:—
?‘ﬂl 2 {)

| ] n3 [ 1
- 5[9 In3——(e"* —*E‘])] =(91n3-4) = ZIn3-2

(9 —e> ) dy

9

Page (858-863) Exercise set 17.2 (21, 22, 23, 25, 27, 35, 37, 38 )
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Example

| 4
_[ I e dy dx

0 4
Reversing the order of

integration
4 y4
_[I e'yzdxdy
0 0
4 4
J. E‘,‘M .,
= ) lxev | dy :_[i e” dy
0 0
4
== | &7 (=2y)d
R . y)ay
R R T B TP
- 8|c lﬂ_ S‘E C‘
44
- 8 e

SN X

Example :Calculate j!

X

LECTURE No. 21

EXAMPLES

iiiiiiiiiiiiiiiiiiiiiiii

x-axis, the line y = x and the line x=1.

Solution : j U Sili'x c{dex—j (Hil
B 0

U 0
|

:j sin xdx = —‘cos X

fl

iy
£

A

ol et |

|
=—(cos1-cos0)~0.46
i)

= 1

sSin x

X

dA , where R is the triangle in xy-plane bounded by the

(+-0) Ja

115
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Example

2 1 2

J' I e dxdy

0 y/2

X2
Since there is no elementary antiderivative of e , the integral

2 1 2
| | e dxdy
0 y/2

cannot be evaluated by performing the x-integration first.

To evaluate this integral , we express is as an equivalent iterated integral with the order if
integration reversed . For the inside integration, y 1s fixed and x varies from he line

x = y/2 to the line x = 1. For the outside integration, y varies from 0 to 2, so the given
iterated integral is equal to a double integral over the triangular region R.

To reverse the order of integration, we treat R as a
type I region, which enables us to write the given
integral .:15

o~y x
j [ dudy =] 7
¥
T

(1, 2)

By changing the order of integration we get,

| | 2x

” " dxdy Ije dydx

0 0

bt |l

Example
Use a double integral to find the volume of the solid that is bounded above by the palne
z = 4-x-y and below by the rectangle R = {(x,y):(kx<1,0<y< 2}

Wi = H(4 x—y)dA= jjél—t—x)cb.dx

0 0
7 7y
(;—}r]dy:_)} - =5

T

2

‘-—-‘p_a-

2 E
:j 4x—
1]

X
S I}? d}' =
2 )

(i (l




Example
Use a double integral to find the volume of the tetrahedron bounded by the coordinate
planes and the plane z=4-4x-2y The tetrahedron is bounded above by the plane.

P W R — (1)

and below by the triangular region R

Thus, the volume is given by e e B
V= J[(d-4x-2y)dA

R L= >
The region R is bounded by the x-axis, P’J - -

the y-axis, and the line y = 2 — 2x [set =

z =0 1n (1)], so that treating R as a
type [ region yields.

V=] (4-4x-2y) dA
R

1 2-2x
] 0 (4 —4x - 2y) dy dx

2-2X

dy-dxv—v?]  dx
[4y xrﬂyzo

I
S

[l

(4—8x+4x7)dx

——

[
Lo | o [

Example : Find the volume of the solid bounded by the cylinder x+y* = 4 and the planes
y+z=4andz=0.

The solid is bounded above by the

plane z = 4 — y and belew b7y the
region R within the circle x™ + y~ = 4.
The volume 1s given by
V=1ll@-yda

Treating R as a type 1 region we obtain

2 \,-443;1

V:II (4—y) dy dx
2 gx2

*r l Vi-x2
= J:l:-‘iy -3 }’!} d}i
2 =

i 2
y=-Ng-x=

=.[3 4 —-x dx
2

117
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Xx~4-x- 4 | X
5 + 58 5

-F

= 8| 2sin”'(1) -2sin”'(-1)|
T |
= 8[2(5) + 2(3)]

=8(2n) = 16n

Example
Use double integral to tind the volume of the solid that 1s bounded above by the
paraboiled z=9x? + y* ,below by the plane z=0 and laterally by the planes

x=0, y=0, x=3, y=2

.
Volume = I _[ (9}:3 - yl) dy dx
00

3 T
= I {QKE}F +E—l dx
o 3

3

I

0

.8
[18}{“ +§] dx

3
6x° + 5
X+3}L

0

6(27) + 8
170



LECTURE No. 22

EXAMPLES

Example: Evaluate H xy dA .where R is the region bounded by the trapezium with the

R
vertices (1, 3), (5. 3), (2, 1) and (4, 1).
: 3-1 2 _ ¥, — ¥,
Solation: Slope of AD=—— = — =-2 Since Slope = m = =
=2 =l X3 = X;
Equation of line AD

Y=—=Y%=milx— I)
o ) i ( I D13 Ci(5.3)

y=1==2(x-2) \ /

/
y=1==2x+4 \ /
Y= > =-2x Al21) Bid.1]
y =3
X= -
2
| : 3-1 2
Slopeof BC=——=—==2
5-4 1
Equation of line BC: y = y, =m (x — x;)
+7
y-1=2(x-4) or y+7=2x > x=2_
Limits of x are from x = — > ; 2 to x == :?.
Limits of y are from | to 3.
¥ #7

3

s

: __ L

| ? 149414y y® +25-10y 1t [24+24y
~[ ¥¢2 A O dy=2| — | dy
2+ 4 4

i

(3y+3y*)dy= [37—43—| =12+26=38
2 3
EXAMPLE: Use double integral to find the volume of the wedge cut {from the cylinder

4x* +y* =9 by the plane z=0 and z= y+3

._t_,,;

Solution: Since we can write 4x° + y* = 9as : 2 ) + J; =1 This is eq of ellipse.
3/2)

[ oasi | waab ] o-1f | T)( 5) »
| _¥=5 I 2| 5-5 21 2 2

119



Now the Lower and upper limits for x are x= and x =

—9—y" 9y
2

And upper and lower limits for v are -3 and 3 respectively. So the required volume is
given by

3 g:f! 3 Jo-it P |
I ] (}'+3)£itd}‘=j 4y|x| 2 +3|x‘ 2 ?'d}'

43 Jg ; y —~ (—\/9 ; },1} ey

3

P 3
'I' 1 V\jg - 'vl & 3\/9 B Jizldy:_?l_l- \}!9 B J'TE (_2?)‘{1" +3 ‘I- \f&l - _].'1 d}*

-

}i

Il
e
<
D
|
-
-H'-i
|
oy
|
> —
LYo
|
=)
|t
N

Il

NE 3 -

e A L)
= 0+ 3+ 3\/&5\/5
2 2

| +§ Sin _!(l)—sin _I(—l)|

EXAl\IPLE Usedﬂuble integral to find the volume of solid common to the cylinders
X+ y° =25 and x*+ z° =25.

Solution: From ..T: + }’_- =25 or _}!‘! =25 —- xl or y= + JZS _ IE
Radius of cylinder is 5, so limits of x is from 0 to 5.

Fromx’ + z2°=25 = z= \/ZS —~ x*  Only +ve value taken in first octant.

Volume = 8x Area of cylinder in first Octant

5 y25-x | S
=8 zda =8 | 25-Xdyax= 3] st—.ﬁ|y‘”" " d
R ] 0 '
:aj \/25—.1-1(\/25—;.:3— ) j (25 - »?)
() i}
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5

X | s 2000
=8|25x — — =3[35(5—U) - 5(5" —Oa)} = Ra-
3

A
AREA CALCUALTED AS A DOUBLE INTEGRAL
V= jj 14A:jj dA )
R R

However, the solid has congruent cross sections taken parallel to the xy-plan so that

V =area of base x height =area of R x1 = area of R
Combining this with (1) yields the area formula

Area of R = dA (2)
j

EXAMPLE: Use a double integral to find the area of the region R enclosed between the

X" :
parabola y = Tﬂnd the line y = 2.

2

. . . . X
Selution: The required area is between the parabola y=—

------ (1)
and the line y=2x -——-- (2)
By (1) and (2), ‘2 2 = F=d4x = x=0, x=4
4 y=2a 4 =2 4 lj
= . g . =z P o
Area of R—J-jdA- _[ I dy dx —j y r:‘_d"‘ —_[ {-_,.a, =~ }.:b,
R 0 Tzi 0 e () =
L 1_4
x 1 x , L 7 1
= 2| = (- 07) (4 -0") = :f
2 2 3|
EXAMPLE: Find the area of the region R enclosed by the parabola y = v~ and the line
y=x+2.
Solution: The required area is between the parabola y = ¥ messss (1)
and the line y=x+2 - (2)

By (1)and (2), ¥ = x+2

xr —x—-2=0

x=2, x=-=]

_*.'=.I+l'

| dy dx :j | yl'*:'rjl dx
1 1 X

K=
V=3

[
ey, |0
—

-~

_I.

I~J
—

|
pr—
-

B
—
S
S
I

sl |

-1

1'_
2
-1
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LECTURE No. 23

POLAR COORDINATE SYSTEMS

POLAR COORDIANTE SYSTEMS

To form a polar coordinate system In a

plane, we pick a fixed point O, called the P(r.0)
origin or pole, and using the origin as an

endpoint we construct a ray, called the polar

axis. After selecting a unit of measurement,

we may associate with any pomt P in the

plane a parr of polar coordmnates (r, 0), >
where 1 18 the distance from P to the ﬂrigin O Orlgm Polar Axis
and © measures the angle from the polar axis

to the line segment OP. P(6. 45")

The number 1 1s called the

radial distance of P and 6 (5. 120°)
is called a polar angle of P, In

the points (6, 45°), (3, 225°). P(3. 225"
(5. 1209), and (4. 330°)

are plotted in polar coordinate

systems.

THE POLAR COORDINATES OF A (4, 330%)
POINT ARE NOT UNIQUE.

For example, the polar coordinates
(1,315°), (1.-45°), and (1, 675°)
all represent the same point

In general, if a point P has polar coordinate (1.315%
(r, @), then for any integer n=0.1.2.3.... ...

(r,@+n-360" and (r,@+n-360")

are also polar coordinates of p

In the case where P 1s the origin, the line

segment OP reduces to a point, since r= 0. ] (1, 675"
Because there is no clearly defined polar angle

in this case, we will agree that an arbitrary

Polar angle © may be used. Thus, for every 0 may be used.

Thus . for every 0. the point (0, 0 ) 1s the origin.

(1.-45")
NEGATIVE VALUES OF R

When we start graphing curves in polar coordinates. 1t will be desirable to allow negative
values for r. This will require a special definition. For motivation, consider the point P
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with polar coordinates (3, 225") We can reach this point by rotating the polar axis 225"
and then moving forward from the origin 3 units along the terminal side of the angle. On
the other hand. we can also reach the point P by rotating the polar axis 45" and then
moving backward 3 units from the origin along the extension of the terminal side of the
angle

This suggests that the point

(3, 225") might also be denoted by =~ Terminal
Sides >

(-3, 45") with the minus sign

serving to indicate that the point is Polar Axis
on the extension of angle’s terminal P(3,225")
side rather than on terminal side

itself, ./

P(-3.225")

>

Polar Axis

Since the terminal side of the angle @ + 180" is the
extension of the terminal side other angle & ,We shall define.

(-r, @) and (r, @+180") to be polar coordinates for the same point .
With r=3and @ =45"in(2) if follows that (-3, 45”) and ( 3, 225") represent the same
point.

RELATION BETWEEN POLAR AND RECTANGULAR COORDINATES

P{x,¥)

Y P(r,0)
r/‘

= I Sl

i

CONVERSION FORMULA FROM POLAR TO CARTESIAN COORDINATES
AND VICE VERSA

P(x, y) =P(r, 0)
?\ X=rosh
0 Y\ y=rsnf

0°x 8
v/ x =tanu

]

Example :
Find the rectangular coordinates of the point P whose polar coordinates are (6, 135"
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Solution:
Substituting the polar coordinates.
r=6and 8=135" inx=rcosd and y =rsin@ yields %
x=6cos 135° =6 (=4/2/2) == 342 N
y=6sin135° =6 (1/2/2) =342
Thus. the rectangular coordinates of the point Pare ( — 34/2,3/2)
Example: Find polar coordinates of the pomnt P whose rectangular coordinates are
(-2.24/3)

Solution: We will find polar coordinates (r, # ) of Psuchthatr>0 and 0 <8 <27 .
r= \/f + _1?2 = \/(—2):l +(2ﬁ)2 =4/4+12 = \/E: 4

v 2 | 2

tanf = > = V3 =—J3=D@= I;.vzm"{—\/?_;)z—ﬂ'r
x =2 3

From this we have (-2, 2+/3 ) lies in the second quadrant of P. All other Polar coordinates

of P have the form

5 :
{4q%+ 2nm) or (—4..3%+2mr] .where n 1s integer

LINES IN POLAR COORDIANTES

A line perpendicular to the x-axis and passing through the point with xy coordinates with

(a. 0) has the equation x = a , To express this equation in polar coordinates we substitute

X=r1rcos #@ =D a=rcos d —-1)

This result makes sense

geometrically since each 1

point P (r, 6) on this line will A__::-""

vield the value a for r cos . i Yo

A line parallel to the x-axis that

meets the y-axis it the point with —

xy-coordinates (0, b) has the

equationy = b.

Substituting y = r sin 0 yields. 08 ) r* i
rsin@=bh (2) /,,f""'

as the polar equation of this line. Pl b

This makes sense geometrically o he

since each point P (r, ) on this line

will vield the value b for r sin 8 ——

For Any constant 8, the equation q_,1 -3 L

0= 0o (3)

is satisfied by the coordinates of all A
points of the form P (r, 0y), —
regardless of the value of r. Thus, the e e .
equation represents the line through = 3
the origin making an angle of 9, —

(radians) with the polar axis. & = 6
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By substitution x =r cosb and y = r sinf 1n the
equation Ax +By +C =0, We obtain the general polar form of the line.

r(Acos8@+Bsind)+C=0

CIRCLES IN POLAR COORDINATES
Let us try to find the polar equation

of a circle whose radius 1s a and
whose center has polar coordinates

(ro. Bg). 1f we let P(r. ©) be an
arbitrary point on the circle. and 1f

we apply the law of cosines to the
triangle OCP we obtain

=2y cos (0 -0) +12 =a” (1)

Pir, 8)

SOME SPECIAL CASES OF EQUATION OF CIRCLE IN POLAR
COORDINATES

A circle of radius a. centered at the
origin, has an especially simple polar N

equation. If we letry =01n (1), we
obtainr~ = a" or, since a >0, r=a
This equation makes sense e Fr=a
geometrically since the circle o N
of radius a. centered at the / __,,..Eﬂ-")\_ 5
origin, consists of all points \ /’
P (r, 0) for which r = a, \\\_ S
regardless of the value of 0 e
r=2asinf
.-"f-f’ __h_--‘-x‘ﬁ'\
’,J
( $(a, =)
If a circle of radius a has its center /
. \ /‘
on the x-axis and passes through the N -
origin, then the polar coordinates of e D
the center are either Polar
(a,0) or (a.m) axis
depending on whether the center is to 9( Q. — =3
the right or left of the origin 2
r=-—2a sin @




LECTURE No. 24
SKETCHING

Draw graph of the curve having the equation r = sin 0

. . i ; _
By substituting values for 0 at increments of 5(30 ') and calculating r, we can construct

The tollowing table:

0 0 I il
(radians) 6 3
r=sin 0 0 L 3

- 2

0 m Ix 4T
(radians) 6 3
r=sin O | 0 | L /3

2 | "2

Note that there are 13 pairs listed in
Table, but only 6 points plotted in
This 1s because the pairs from 0 = n
on vield duplicates of the preceding
points. For example, (— %2, 7n/6) and

(1/2, n/6) represent the same point,
The points appear to lie on a circle.

This 1s indeed the case may be seen by expressing the given equation in terms of x and y.

We first multiply the given equation through by r to obtain r* =rsin @ which can be
rewritten as

X" +y =y or x-+y>—y=0
X’ -1-[ ' 1]3 = 1
or on completing the square ~ ) 4 This 1s a circle of radius = centered at

the point (0, % ) 1n the xy-plane.

Sketching of Curves in Polar Coordinates

1(r.0)
. SYMMETRY
(1) Symmetry about the Initial Line
[f the equation of a curve remains unchanged when (r, &)
1s replaced by either (r. -# ) in 1its equation .then the curve L (c-0)

1s symmetric about initial line.
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(i) Symmetry about the y-axis
[f when (1, @) is replaced by either (r.7z—8& ) in

The equation of a curve and an equivalent equation
1s obtained .then the curve 1s symmetric about the

line perpendicular to the initial 1.e, the y-axis

(ii) Symmetry about the Pole
If the equation of a curve remains unchanged

when either (-r, @) or 1s substituted for (r, &)

in its equation .then the curve 1s symmetric
about the pole. In such a case, the center of

the curve.

2. Position of the Pole Relative to the Curve

(r,m-0) (r.0)
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(r,0)

{'[,B_}

See whether the pole on the curve by putting r = 0 in the equation of the curve and

solving foré .

3. Table Of Values

Construct a sufficiently complete table of values. This can be of great help in sketching
the graph of a curve,

I1 Position Of The Pole Relative To The Curve.

When r=0. & = 0. Hence the curve passes through the pole.

I111. Table of Values

0

U

/3

/2

2n/3

14

r=a (1—cos0)

0

a/2

d

3a/2

2a

As 6 varies from 0 to m, cos O decreases
steadily from 1 to — 1, and 1 — cos O
increases steadilv from 0 to 2. Thus, as 0

varies from 0 to =, the value of

r=a (1 — cos 8) will increase steadily from
an 1nitial value of r = 0 to a final value of

r=2a.




On reflecting the curve in about the x-axis, we obtain the curve.

CARDIOIDS

/’z -T"' ﬂ =01 __,.—-"'"'___ e
b=z / -;} 8 =0 =0 (\ & *
: i T r={(\ o \
r =Ea<\"«. 0 ) Oy A ’_/ .
\N__, N 1 p | .’l]

|
r:a(]_fnsﬂ] r=ﬂ(1+€DSH) \ Hll
AL ) D \ “| /
K ) ) "',-*' IS ‘*-.__.h J__.-'
r""l ~"-,.1. =
. l"x };‘:]-h f_.] r=g(l — cos #)
r=a(l-sin0) r=a(l+sin0)

CARDIDOIDS AND LIMACONS

r=a+bsin 0, r=a—bsin 0
r=a+b cos 0, r=a-bcos 0

The equations of above form produce polar curves called limacons. Because of the heart-
shaped appearance of the curve In the case a = b, limacons of this type are called
cardioids. The position of the limacon relative to the polar axis depends on whether sin 6

or cos B appears 1n the equation and whether the + or — occurs.

I~ TN , \.\
/ \ {
{ ‘ o
i“‘ I_r"

o J

!-F x--I _.I'Fl.

(: ™ - - [ r_'_.-F..
o

Feddy ]

Liumagan ywilth
bivpverr s

—_ " e P e
7 ™~ 4 N
\ "‘ "
1 |
; ‘lpl i !
\
K ;J'f \\,‘_ __';""
- i 2
LEMNISCATE

If a > 0, then equation of the form
rr=a’cos20, rl=-—2a%cos20
r:=a’sin 20, r*=- a?sin20
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represent propeller-shaped curves, called lemmscates (from the Greek word “lemnicos™
for a looped ribbon resembling the Fig 8. The lemniscates are centered at the ongin, but
the position relative to the polar axis depends on the sign preceding the a- and whether

sin 20 or cos 20 appears in the equation.

A lominiisc ale

Example
r’=4c¢0s20

The equation represents a lemmiscate. The graph 1s symmetric about the
x-axis and the y-axis. Therefore, we can obtain each graph bv first sketching the portion

of the graph in the range 0 < 0 < /2 and then reflecting
that portion about the x- and y-axes. The curve passes
through the origin when 0 = n/4, so the line 6 =n/4 1s
tangent to the curve at the origin. As 0 varies from 0 to /4. W
the value of cos260 decreases steadily from 1 to 0, // ”

so that r decreases steadily from 2 to 0.For 0 in the | \r= V2
range /4 <0 < w/2, the quantity cos20 1s negative.

F .'Tfﬂ

so there are no real values of r satisfying first equation.
Thus, there are no points on the graph for such 6. r = 2+/c0s 20
The entire graph is obtained by reflecting the curve o N

o | o - A I3b
about the x-axis and then reflecting the resulting curve B e N B
about the y-axis. _

l'-
L —
i

ROSE CURVES
Equations of the form
r=asinnd and r=acosn0

represent flower-shaped curves called roses. The rose has n equally spaced petals or

loops if n is odd and 2n equally spaced petals if n is even

>

e

A four-petal rose A three-petal rose
(rz = 2) Cri = 39
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The orientation of the rose relative to the polar axis depends on the sign of the constant a
and whether sinB or cosB appears in the equation.

SPIRAL
A curve that “winds around the origin™ infinitely many times in such a way that r

increases (or decreases) steadily as 0 increases 1s called a spiral. The most common
example 1s the spiral of Archimedes, which has an equation of the form,

r=ab (6=0) or r=ab (6 <0)
In these equations, 0 is 1n radians and a is positive.
EXAMPLE

Sketch the curve r=0 (0> 0) in polar coordinates.
This 1s an equation of spiral with a= 1; thus, it represents an Archimedean spiral,
Since r = 0 when 0 = 0, the origin 1s on the curve and the polar axis 1s tangent to the
spiral.
A reasonably accurate sketch may be obtamned by plotting the intersections of the spiral
with the x and y axes and noting that r increases steadily as 0 increases. The intersections
with the x-axis occur when
0=0, w 2m. 3m........
at which points r has the values
r=0, m, 2w, 3m.....
and the intersections with the y-axis occur when

. m 3 Sm In
D=2 2220 mmee
at which points r has the values

n 3n Sm Tn

=5

2 TR @R o

Starting from the origin, the Archimedean spirals r = 0 (0 > 0) loops counterclockwise
around the origin.

b

— _'__-_"—\_ ."'q‘
= i N
/~ ‘ )
i’ r
L

I - i Zn & —

| —"

\ i J

. r 2

l'.- L -.F.'.-"-.

e ) PR
"
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LECTURE No. 25

DOUBLE INTEGRALS IN POLAR COORDINATES

Double integrals in which the integrand and the region of integration are expressed in
polar coordinates are important for two reasons: First, they arise naturally in many
applications, and second, many double integrals in rectangular coordinates are more
easily evaluated 1t they are converted to polar coordinates. The function z = f(r,¢) to

be integrated over the region R as shown in the figure

INTEGRALS IN POLAR COORDIATES

When we define the double integral of a function over a region R in the xy-plane, we
begin by cutting R into rectangles whose sides are parallel to the coordinate axes. These
are the natural shapes to use because their sides have either constant x-values or constant
y -values. In polar coordinates, the natural shape is a “polar rectangle™ whose sides have
constant r and & - values.

Suppose that a function f(r,@) is defined over a region R that is bounded by the ray 6 =

« and 6 = 3 and by the continuous curves r = r; (0) and r = r2(0). Suppose also that
0<ri(B) <r2aB) < a for every value of 6 between « and 3. Then R lies in a fan-shaped
region Q defined by the inequaliies 0 < r< g andu <0 < f3.

Then the double integral in polar coordinates is given as

O=f1 r=r;(8)

JI f(x.0)dA = J. j f(r.8)drdé
R

= r=r(0)

How to find limits of inteeration from sketch

Step 1. Since 0 is held fixed for the first integration, draw a radial line from the origin
through the region R at a fixed angle 0. This line crosses the boundary of R at most twice.
The innermost point of intersection is one the curve r = ri(8) and the outermost point is
on the curve r = r2(8). These intersections determine the r-limits of integration.

Step 2.Imagine rotating a ray along the positive x-axis one revolution
counterclockwise about the origin. The smallest angle at which this ray intersects the
region R is O = o and the largest angle is 0 = . This vields the 0-limits of the integration.
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EXAMPLE
Find the limits of integration for integrating f(r,&) over the region R that lies inside the

cardioids r = 1 + cosé@ and outside the circle r = 1.

— S\ _
T"\-\-,____ ; __.4-'""__ 1
T} " Foeors Lcaves af
ﬁ

i ' - I.‘.l.l-q.-'.l'
F =]

Solution:
Step 1. We sketch the region and label the bounding curves.

Step 2. The r-limits of integration. A typical ray from the origin enters R where r =1 and
leaves where r = 1 + cosé.

Step 3. The O-limits of integration. The rays from the

origin that intersect R run from 0 = —'g' to 0= %

w/2 14cosf w2 14cosh

The integralis | | =~ f(r.@)rdrdo = 2] | =~ f(r,0) rdrdo

EXAMPLE : Evaluate [| sin © dA  where R is the region in the first quadrant that is
R

outside the circle r = 2 and inside the cardioids r=2(1+cos@).

Solution:

/2 21+eosg) 8- r=2(1 + cos #)

[Isin0dA=] ], (sin0)rdrd0
4 _

'S

n/2

2(F+ens0)

L 5 .
:fﬂ Er.mnf:?l]r:2 do

n2
=2 , [(1+c0s6)’sin 6-5in0]do

b 1

| | 5 3
—— __ 3 re— _—-_— —H e —
= 2[ 3(l+cﬂ59} +cn59] _2[ 3 ( 3]} =3

0

EXAMPLE : Use a double polar integral to find the area enclosed by the three-petaled
rose r = sin 30.

Solution: We calculate the area of the petal R in the first quadrant and multiply by three.



/3 sindy /3 p—

2 | :
A=3ﬂRdA=3fn J, rdrde=3] S| ~drde s |V
| /.
/3 n/3 4

E -9 3 TN .{jﬂ*‘{‘)
=5 J, sin?30d0 =7 | (l-cos60)d6 —*14 =0

3[ sin68] [3, 3 © ()

sin ‘ 1 L | )

()

EXAMPLE : Find the area enclosed by the lemniscate r* =4 c0s20. The total area is four
times the first-quadrant portion.

Sﬂl“ﬁ'ﬂﬂ: 9 Legves at
# Fayd L 3"
T
= —-de?wlﬂ ;ffJ _
T ACns 24 I i,;,.-":'::_'h"-

# - ]
|. -1".\_ e |
S | "
df 7 J B
I =

-2
r
2 " 1':{*“ >,

= Sy £ | 5

A=4[ [ rdrdo=4
0 (i

0 Emiers i ﬁ ¥
Fo= (] |

a4 /4

=4Iﬂ 2cos 20 dO =4 sin 20] =4.
()

CHANGING CARTESIAN INTEGRALS INTO POLAR INTEGRALS

The procedure for changing a Cartesian integral |/f(x. y) dx dy into a polar integral has
R

{wo steps.

Step 1. Substitute x=r cos@ and y=rsin@, and replace dx dy by r dr df in the
Cartesian integral.

Step 2. Supply polar limits of integration for the boundary of R. The Cartesian integral
then becomes

I| f(x.y) dx dy=[] fircos6, rsin®)r dr dO
R G

where G denotes the region of integration in polar coordinates.
Notice that dx dy is not replaced by dr d@ but by rdr dé.

bl
==

4
EXAMPLE: Evaluate the double integral j I (x*+ y )dydx by changing to polar

0 (0
coordinates.

Solution: The region of integration is bounded by

O<y<A/l-x> and0<x< 1
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y=1/1 = x? is the circle, which gives x*+y*= =Y |

On changing into the polar coordinates, the given integral is
a2 | n/2 1 n/2 22

1 §
3 e — = =
f{_}fnrdrdﬂ —j“ dﬂ—ju4d9—

i _x
4], -8

EXAMPLE

Evaluate /= f J —;’“ by changing to polar coordinates,

where D is the region in the first quadrant between the circles.
Solution:

Two circles are x*+ y*=a’ and x>+ y’=b", O<a<b

72 b 3 dE] /2 b
1=][=5—=1, (nr], do
n/2 7/2
by oy _=m (b
= In 1n® do= [Bln@)] =5 1n@.

(6]

EXAMPLE

—_—

I
Evaluate the double integral I I (x* + y”)dy dx by changing to polar coordinates.
0

0

The region of integration is bounded by 0 <y < /1-x" and0< x< 1

= y1-x* isthecircle ¥+ y*=1,r=1

On changing into the polar coordinates, the given integral is

721 72| 4! /2
[ [rarao=1{ = daz-ﬁda ~lof

0 0 0 4 0

w2

:l(:rm}::rfﬂ
4
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LECTURE No. 26
EXAMPLES

4 \Jdy-y?

Example 1 : Evaluate I:LJ- 3 (x*+y*)dx dy by changing into polar coordinates.

Solution: The region of integration 1s bounded by 05}15\[4}; —y andO<y<4

Now x= \! 4y — y* is the circle x*+y’~4y=0 = x? + y* = 4y.In polar coordinates this
takes the form r*=4rsin®, r=4sin0
On changing the integral into polar coordinates, we have

/2 4sint n/2

I:jﬂ jﬂ r>.rdrdf = j“ 64 sin” 0 dO= 64. 2

LS
2 "2

o)

= 12n (using Walli's formula)

o

Example 2 : Evaluate,l. _[ ¥y’ dy dx.,where R is the semicircular region bounded by the

R
x-axis and the curve y = '\J 1 -x°
Solution: In Cartesian coordinates, the integral in question is a non-elementary integral

. . . ,
and there 1s no direct way to integrate e

-
X<fys

with respect to either X or y.

Substituting x = r cos 8, vy = r sin@, and replacing dy dx by r dr dO enables us to evaluate
the integral as
1

nl | T

ey 2 L 1 T
Ii{_e H dydx=fﬂ{]e 1'clrdl3‘=fﬂ[ze } d9=fn zie—l]dE}:Z (e —1).

(0

Example 3 : Let Ra be the region bounded by the circle x* + y* = a’. Define

J_J e dxdy = lim [fe™*)dx dy

] - 1=
=€ R

Solution: To evaluate this improper integral.

=] | ") dxdy=tim [ eV dx dy
—90 =& =% 0
2na 2x -~
= lim ] [ e rdrdd=lim| =1 - e )= lim=(l - e"'zwf
T asa 00 | T oasm 02%Y = 0
:ﬁmzr(l—e"’:)::um T— Hl = 7—lim— = 7 R:,_:rr
(1—px it E,.ﬂ' r.'—r.ze,ﬂ e

135



o \/;

Example 4 : Prove that I e~ dx = YT

2
0 =
Solution : To prove it, we take
_[ _[ ¢ ™ dxdy = j j “ e dxdy = je'-‘:j g dx dy
= j  dx J e~ dx y is a dummy variable, so we can change y to x.
= [ j e d.rJ = [EI e~ dx]
- 4
Therefore, 4(] &= [.{'(J = I J' e" "V dxdy= 7 by Example3
i - -

I

[I e ™" dx]h

By taking square root on both sides,

Jz
2

e dx =

= e T

THEOREM : Let G be the rectangular box defined by the inequalities
a<x<bh, c<y<d, k<z<?
bhdl
If t is continuous on the region G, then jﬂf (X, y,2)dv = I_” f(x,y,z2)dzdydx
ac
Moreover, the iterated integral on the rlght can be replaced wnth any of the five other

iterated integrals that result by altering the order of integration.
bld I bd ldb

= J” f(x,y,2)dydz dx = I” f(x,v,2)dvdx dz = I” f(x,y,z)dx dy dz
vk ¢ i bC

a1 b ab

:”J' fx,y,2)dx dz dv—_[” f(x.y,z)dz dx dy
cka

¢ ak

Example 5: Evaluate the triple integral ||| 12xy’z’ dV over the rectangular box G
G

defined by the inequalities — 1 <x<2,0<y<3.0<z<2.
Solution: We first integrate with respect to z. holding x and y fixed, then with respect to
y holding x fixed, and finally with respect to x,

2 3 5 2 3

12xy“z’dzdydx = I j [3xy’z'] dydx= !1 J;j 48xy” dy dx
i 3

::"—'1 Joud

125y’ _j |

2 3 2

—I[Jﬁxy] dx—J 432x dx = 216x2] =648

v=[) -
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Example 6 :Evaluate HR_[ (X—=2y+2z)dxdydz RegionR: 0<x.l, 0<y<x’,

O<z<sx+y
I x* x+y 1 x* y
=2y +2)°|"
Solution: = I J _[ (x — 2y + z) dz dy dx= I I (X g 2) dy dx
0°0 "0 00 0
| %2 . . 1 x2 ! . -
(X—2y+x4+v)s  (x=2vy) l A " 5 " i
:_[}j” [ }(2 1L _ 'E.I :|dy dx =5 _[}L (3x" = 3y°) dy dx= 5 ,[] Xy —%‘ dx

0
l

3 x° 3 !
=1 [.1"' ——] dx =75

_ [1. .L]_E.
s 215721]735

Example 7 : Evaluate _[ I I xyzdxdydz Where S = {(x,y.z) : x*+y 4z <1, x>0,y>0,
5

x’

5 2]

[t

3

z> 0}
Solution: S is the sphere x* + y* + z" = 1 Since x, y, z are all +ve so we have to consider

B

only the +ve octant of the sphere. Now X2+ yl +72=1 .Sothat z= \] V=x® = y©
The Projection of the sphere on xy plan is the circle x* + y* = L.

This circle is covered as y-varies from 0 to\/1 — x> and x varies from 0 to 1,

I T lexZy? 1 y1-x2 ) ey
”j xyzdxdydz = I I I xyzdzdydx = I j xv|— dy dx
R 0 0 0 0 o 7 |
1 Vl-x> 22 1 | Vix= ’
1 o2 pandll ger-pava
I 2 1 2

1 (1 1 l]_L
=8 12727¢6) 48



LECTURE No. 27
VECTOR VALUED FUNCTIONS

Recall that a function 1s a rule that assigns to each element in 1ts domain one and only one
element in its range. Thus far, we have considered only functions for which the domain
and range are sets of real numbers; such functions are called real-valued functions of a
real variable or sometimes simply real-valued functions. In this section we shall consider
functions for which the domain consists of real numbers and the range consists of vectors
in 2-space or 3-space; such functions are called vector-valued functions of a real variable
or more simply vector-valued functions. In 2-space such functions can be expressed in
the form.

r{t)=(x),y®)=x@i+y(}]
and in 3-space in the form

r()=(x(@,y0,z()=x )i+ yOj+z(k

where x(1), y(t), and z(t) are real-valued functions of the real variable t. These real-

valued functions are called the component functions or components of r. As a matter of
notation, we shall denote vector-valued functions with boldface type f(t), g(t) and r(t) and
real-valued functions, as usual, with lightface italic type f{7), g(t) and r{2).

EXAMPLE: r(t)=(nt)i+~t?+2j+ (cos tn)k

Then the component functions are x(t) =Inz, y(t) =/ + 2, and z (t) = cosin
The vector that r(t) associates witht=11s r(l1)=(In 1) i+\f3_j +cos ) k=n/3j— k
The function r 1s undefined if 1 < 0 because In 7 i1s undefined for such 1.

If the domain of a vector-valued function is not stated explicitly, then it 1s understood
to consist of all real numbers for which every component is defined and yields a real
value, This is called the natural domain of the function. Thus the natural domain of a
vector-valued function is the intersection of the natural domains of its components.

PARAMETRIC EQUATIONS IN VECTOR FORM
Vector-valued functions can be wused to express parametric equations 1In
2-space or 3-space in a compact form.

For example, consider the parametric equations X = x(t), v=y (1)
Because two vectors are equivalent if and only if their corresponding components are
equal, this pair of equations can be replaced by the single vector equation.

Xx=x(t), y=y(t) e (1)
Xi+yj=x@Wi+yM)j --——-—--(2)

Similarly, in 3-space the three parametric equations
x=x(1), y=y(@, z=z(t) - (3)

can be replaced by the single vector equation
xi+vyj+zk=x(Di+v(t)j +z(Ok - (4)
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ifweletr=xi+yj and r(t) = x(t)i+ y(t) j in 2-sapce
and let r=xi+ yj+zk and r(t) =x(t) i+ y(t)j + z(Ok in 3-space, then both (2) and (4)
can be written as r=r(t) ---——---- (5) which 1s the vector form of the parametric equations
in (1) and (3). Conversely, every vector equation of form (5) can be rewritten as
parametric equations by equating components on the two sides.
EXAMPLE: Express the given parametric equations as a single vector equation.
(a) x = t°, y =3t
(b) x = cost. y = sint, z=1
Solution: (a) Using the two sides of the equations as components of a vector yields.
xi+yj=ti+3t]
(b) Proceeding as in part (a) yields
Xi +yj + zK = (cos )i + (sin 1)j + tk
EXAMPLE: Find parametric equations that correspond to the vector equation
xi+yj+zk=(C+Di+3j+e'k
Equating corresponding components yields.
x=+1, y=3, z=¢

GRAPHS OF VECOR-VALUED FUNCTOINS [ =y

One method for interpreting a vector-valued function r(t) \ ek e =
in 2-space or 3-space geometrically is to position the vector e

r = r (t) with its imtial point at the ongin, and g ¢

let C be the curve generated by the tip of the vector r ’L— —
as the parameter t varies o

The vector r, when positioned 1n this way, 1s called oS Lyaris, e tip

the radius vector or position vector of C, and C is called the trces out Lhe curve 1

graph of the function r(t) or, equivalently, the graph of the
equation r = r(t). The vector equation r = r (t) 1s equivalent to a set of parametric
equations, so C is also called the graph of these parametric equations.

EXAMPLE: Sketch the graph of the vector-valued function r(t) = (cos t)i + (sin t)j,
O<t<2n
The graph of r(t) is the graph of the vector equation

Xi+yj=(cos i+ (sint)j, O<t<2m
or equivalently, it is the graph of the parametric equations

X=cost, y=sint (0<t<2m)
This is a circle of radius 1 that is centered at the origin with the direction of increasing t
counterclockwise. The graph and a radius vector are shown in Fig.

r=(cos )i+ (sinr))




EXAMPLE: Sketch the graph of the vector-valued function r(t) = (cos t)i+(sin
t)j+2k, 0<t<2n
The graph of r(t) is the graph of the vector equation

Xi+yj+zk=(costi+ (sint)j + 2k, O<t<2n
or, equivalently, it is the graph o the parametric equations

Xx=cost, y=sint, z=2 (0<t<2n)
From the last equation, the tip o the radius vecor traces a curve in the plane z = 2, and
from the first two equations and the preceding example, the curve i1s a circle of radius 1
centered on the z-axis and traced counterclockwise looking down the z-axis. The graph
and a radius vector are shown in Fig.

a
-y

&= (Cosrli+ (ainj+ 2k

EXAMPLE: Sketch the graph of the vector-valued function r(t) = (a cos t)i + (a sin
t)j + (ct)k ,where a and c are positive constant.

The graph of r(t) is the graph of the parametric equations,

X=acost, y=a sint, z=ct
As the parameter t increases, the value of z = ct also increases, so the point (x, vy, z)
moves upward. However, as t increases, the point (X, y. z) also moves in a path directly
over the circle. x =a cost, y=a sint inthe xy-plane. The combination of these
upward and circular motions produces a corkscrew-shaped curve that wraps around a
right-circular cylinder of radius a centered on the z-axis.
This curve is called a circular helix.

C

*
.
-

e

]
.
.
’
. .
-y -

] =

r i

f L{a O D)
{f = LI}

Ll

r=acosi={zamel] » imk

EXAMPLE: Describe the graph of the vector equationr=(—-2 + t) i+ 3tj + (5 -4k
The corresponding parametric equations are x = =2+, y=J31, z=25 -4t
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The graph is the line in 3-space that passes through the point (- 2, 0. 5) and is parallel to
the vector i + 3j — 4k.

EXAMPLE

The graph of the vector-valued function r (t) =ti+ t©j + t' Kk is called a twisted cubic.
Show that this curve lies o the parabolic cylinder y = x%, and sketch the graph for t > 0

The corresponding parametric equations are x =1, y=t, z=t

Eliminating the parameter t in the equations for x and y yields y = x7, so the curve lies on
the parabolic cylinder with this equation. The curve starts at the origin for t = 0; as t
increases, so do x, y, and z, so the curve i1s traced in the upward direction, moving away
from the origin along the cylinder.

GRAPHS OF CONSTANT VECOR-VALUED FUNCTIONS

If ¢ is a constant vector in the sense that it does not depend on a parameter, then the graph
of r = ¢ 1s a single point since the radius vector remains fixed with its tip at ¢.

If ¢ = xoi + yoj (in 2-space), then the graph is the point (x0, yo), and if
¢ = xol + yoj + zok (in 3-space), then the graph is the point (xo, yo, zo).

EXAMPLE: The graph of the equation r = 2i + 3j — Kk is the point (2, 3, — 1) in 3-space.
Remark: If r(t) is a vector-valued function, then for each value of the parameter t, the
expression ||r(t)|| is a real-valued function of t because the norm (or length of r(t) is a real

number.,

For example, if r(t)=ti+(t—1)j Then [[r(t)]| =2+ (t—1)> which is a real-
valued function of L.
EXAMPLE: The graphof r(t)=(cos )i+ (sint)j+2k. 0 <t < 2x 1s a circle of
radius 1 centered on the z-axis and lying in the plane z = 2. This circle lies on the
surface of a sphere of radius \B because for each value of (

Ir)|| = veos’t +sint +2° =1 + 4 =15
which shows that each point on the circle 1s a distance of ‘\E units from the origin.

141



LECTURE No. 28
LIMITS OF VECTOR VALUED FUNCTIONS

The limit of a vector-valued function is defined to be the vector that results by taking the
limit of each component. Thus, for a function r(t) = x (t)i +y (t)j in 2-space we define.
lim r(t) = (lim x(t))i + (lim y(t))]

—t

and for a function r(t) = x(Di + y(1)j + z(0k I — o
in 3-space we define. gt b
{i_}lg r(t) = {%i]_mnx{t))i + (limy(1)j + (limz(t))k = Srirh

rid) apinogaches L.

If the limit of any component does not exist, o ongth
then we shall agree that the limit of r (1) does not exist. o
These definitions are also applicable to the one-sided limits Ilm , lim and infinite

=t (—a~

limits, lim, and lim . It follows from (1) and (2) that
I—— l——r
Imr(t)=L
=
if and only if the components of r(t) approach the components of L as
t — o. Geometrically, this 1s equivalent to stating that the length and direction of r (t)
approach the length and directionof Last — o

CONTINUITY OF VECTOR-VALUED FUNCTIONS
The definition of continuity for vector-valued functions is similar to that for real-valued
functions. We shall say that r is continuous at to if

. r(to)is defined:

2. limr(t) exists;

[-—?Irln

3. limr(t) =r (o).
l—}ln

It can be shown that r is continuous at to if and only if each component of r is continuous.

As with real-valued functions, we shall call r continuous everywhere or simply

continuous 1if r is continuous at all real values of t. geometrically, the graph of a
continuous vector-valued function 1s an unbroken curve.

DERIVATIVES OF VECOR-VALUED FUNCTIONS
The definition of a derivative for vector-valued functions is analogous to the definition
for real-valued functions.

DEFINITION

The derivative r'(t) of a vector-valued function r(t) is defined by

r (t+h) —r (t)
h

r'(t) = %IE

Provided this limit exists.
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For computational purposes the following theorem is extremely useful; it states that the
derivative of a vector-valued function can be computed by differentiating each
components.

THEOREM
(a) If r(t) = x(t)i + y(t)j 1s a vector-valued function in 2-space, and if x(t) and y(t) are

differentiable, then r/(1) = xX'()i + y”[_t).i

(b) If r(t) = x(O)i + y(t)j + z(t)k is a vector-valued function in 3-space, and 1f x(t), y(t),
and z(t) are differentiable, then
r(t) = X/ (i + Y(0)j + Z (VK
We shall prove part (a). The proof of (b) 1s similar.
Proof (a):

or(t+h)—-r(@ . [x(t+h)-x(t)], .. (t+h) — v(1)] .
r(t)= Jim h :Lllla_x h - _‘“*Mlly h * l-‘

x'(D1 + y(1)j

As with real-valued functions. there are various notations for the derivative of a vector-
: T d dr |
valued function. If r = r (t). then some possibilities are dt [r(t)], dt (1), and r’

EXAMPLE
Let r(t) = t%i +t%j. Find r'(t) and r'(1)

d ». d 5.
r)= g [Cl1i+ G [t]]

=2ti+ 3t
Substituting =1 yields

(1) = 2i+3j.
TAGENT VECTORS AND TANGENT LINES

GEOMETRIC INTERPRETATIONS OF THE DERIVATIVE.
Suppose that C is the graph of a vector-valued

- -
function r(t) and that /(1) exists and is nonzero | \\ )
for a given value of t. If the vector rF/(1) is f,,f":\

e . . - - w " - '
positioned with its inifial point at the terminal P st Jc
point of the radius vector /""“ | /
DEFINITION

| igiomt

Let P be a point on the graph of a vector-valued
function r(t), and let r(to) be the radius vector from
the origin to P . -\"

If r/(to) exists and r'(to) = 0, then we call r'(to)
the tangent vector to the graph of r at r(to)




REMARKS
Observe that the graph of a vector-valued function can fail to have a tangent vector at a
point either because the derivative in (4) does not exist or because the derivative is zero at

the point. If a vector-valued function r(t) has a tangent vector r'(to) at a point on its graph,

then the line that is parallel to r'(to) and passes through the tip of the radius vector r(to)
is called the tangent line of the graph of r(t)at r(to). Vector equation of the tangent line is

r=r(ty) +tr(tp)

EXAMPLE

Find parametric equation of the tangent line to the circular helix
X = cost, y = sint, z=1  at the point where t = /6
Solution:

To find a vector equation of the tangent line, then we shall equate components to obtain
the parametric equations. A vector equation r = r(t) of the helix is

Xi 4+ yj + zK = (cost)i + (sin t)j + tk

Thus, r(t) = (cos t)i+ (sint)j + tk
:?«-rj(t) =(—smti+(cost)j+k

At the point where t = n/6, these vectors are

ﬁ_l_n

r[g]z 7 1~|—§_|+Ek and

1, 43
r(E] =—:;i+3£j+k

2
so from (5) with to = /6 a vector equation of the tangent line is

e - (BB v

Simplifying, then equating the resulting components with the corresponding components
of r=xi+ yj + zKk yields the parametric equation,

V3 1 VE!

T
X= 7 —zt, }"—2 = 3 t.2—6+[

EXAMPLE

The graph of r(t) = 7i + tj is called a semi-cubical parabola v

Find a vector equation of the tangent line to the graph of r(t) at |/
(a) the point (0,0) (b) the point (1,1) .

The denvative of r(t) 1s

() = 2ti + 3t%

(a) The point (0, 0) on the graph of r corresponds to t = 0. As this point we have r'(0)=0,
so there is no tangent vector at the point and consequently a tangent line does not exist at
this point.
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(b) The point (1, 1) on the graph of r corresponds to t = 1, so from (5) a vector equation
of the tangent line at this point is ¥ =r(l) +tr'/(1)
From the formulas for r (t) and r'(t) with t = 1, this equation becomes

r=@{+j) +t(2i+3j)
If r 1s a vector-valued function in 2-space or 3-space, then we say that r(t) is smoothly
parameterized or that r is a smooth function of t if the components of r have continuous
derivatives with respect to t and ri(t) # 0 for any value of t. Thus, in

3-space r (1) = x(O)i + y (0 + z(Dk is a smooth function of t if x'(t), y'(t), and z'(t) are
continuous and there is no value of t at which al three derivatives are zero. A parametric
curve C in 2-space or 3-space will be called smooth if it is the graph of some smooth
vector-valued function.

It can be shown that a smooth vector-valued function has a tangent line at every point on
its graph.

PROPERTIES OF DERIVATIVES

(Rules of Differentiation).

In either 2-space or 3-space let r(t), ri(t), and r2(t) be vector-valued functions, f(t) a real-
valued function, k a scalar, and ¢ a fixed (constant) vector. Then the following rules of
differentiation hold:

d
1. at (c]=0

d d
2. g k(@] =k r(®)]
d d d |
3. g [ + (0] = 5 [n®]+5¢ [r2 (0]
d | d d
4. &'{[h(t]—l‘z{t)] = [ri(t)] - dt [r2(0)]

d d . d
5. < ROR©] = f03, rO]+e0, [f O]

In addition to the rules listed in the foregoing theorem, we have the following rules for
differentiating dot products in 2-space or 3-space and cross products in 3-space:

dd | dr dr

6. —lr@) -] = r. - — 4+ —L.r
df[' (0] = 5 dt dr -
d dr dr

7. —Ir () xr ()] = rpx— + —-xr,
df[ (Ox6,0] = 1 d  di

REMARKS:
In (6), the order of the factors in each term on the right does not matter, but in (7) it does.

In plane geometry one learns that a tangent line to a circle 18 perpendicular to the radius
at the point of tangency. Consequently, if a point moves along a circular arc in 2-space,
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one would expect the radius vector and the tangent vector at any point on the arc to be
perpendicular. This 1s the motivation for the following useful theorem., which 1s
applicable in both 2-space and 3-space.

THEOREM:

If r (t) is a vector-valued function in 2-space or 3-space and ||r(t)|| is constant for all t,
then r(t).r/(t)=0

Proof: That is, r(t) and r'(t) are orthogonal vectors for all t. It follows from (6) with
ri(t)=r2(t)= r(t) that

4 _ o dr dr
qr rO.r@] =r(0). 5 + 4, - 10

dr
2r(t) . a

d ;
or, equivalently. - [[[e(t)[[1°

- : .. d _ d
But ||r(t)|]" 1s constant, so its derivative 1s zero. Thus Er(t_].d—f = () that 1s r(t) . _(j% =0

: : d
That 1s the r(t) 1s perpendicular d_I[.

EXAMPLE
Just as a tangent line to a circular arc in 2-space 1s perpendicular to the radius at the point
of tangency, so a tangent line to a curve on the surface of a sphere in 3-space is
perpendicular to the radius at the point of tangency.

To see that this 1s so, suppose that the graph of r(t) hes
on the surface of the sphere of radius k > 0 centered
at the origin. For each value of  we have ||r(t)||=k.

r(t). ¥(t) =0
which implies that the radius vector r(t) and the

tangent vector r'(t) are perpendicular. This completes the argument because the tangent
line, where it exists, is parallel to the tangent vector.,

INTEGRALS OF VECTOR VALUED FUNCTION
(a) If r(t)=x(t) i +y(1) j 1s a vector-valued function in 2-space ,then we define.

| r@)ydt = (| x(ydni+(| ydnj  (la)

b

b b
[r@ydt = ([ xwydni+ ([ yydnj (1)

il

(a) If r(t)=x(t) i +y(1) j + z(t) K 1s a vector-valued function in 3-space .then we define.

146



_[r(-r)a‘r = (_[ x(1)dt)i + (_[ y(t)dr)j+ (_[ z(t)dt)k (Z2a)

£

I i I
Ir(r)dr =i I x(1)dt)i + (I v(t)dt)j + (j z(t)dt)k (2b)

£l

Example:
Let r(t)=2ti+3tj, find

(@) [r(ryde (b;jru \di
(i)

[r@)de=[(@i+36 jyde = 2dni+(| 3dr)j
(C+Ci+(t +C)j=ti+Ci+t j+C,j
=i+t j+Ci+C,j
=i+ j+C
Where C = Cii + C,jisanarbitrary vector constant of integration

(b) ir(r)dr :T(Eri +3t7 )dt :(_E[ 2tdt )i ﬂj.ﬁrzdr-)j = [rl i +[r3:[1j =(2*-0)i+(2° -0)j =4i +8j
{l 0 0 (

PROPERTEIS OF INTEGRALS

J. cr(t)dt=c I r (t) dt (3)
,.. [ri(t)-+r2(t)] dt = J. rl(t)dt + _[ ra(t) dt (4)
j. [ri(t)—r2(t)]dt = _[rl{t) dt—_[rz(t) dt (3)

These properties also hold for definite integrals of vector-valued functions. In addition,
we leave 1t for the reader to show that if r i1s a vector-valued function in 2-space or 3-

d
space, then dt _[ r(t) dt] =T(1) (6)

This shows that an indefinite integrals of r(t) is, in fact, the set of anti-derivatives of r(t),
just as for real-valued functions.

If r(t) is any anti-derivative or r(t) in the sense that R/(t) = r(t). then

Ir(t) dt =R(t) + C (7)

where C is an arbitrary vector constant of integration.

Moreover,
b

b
J; r(t) dt = R(t) ] = R(b) - R(a)
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LECTURE No.29

CHANGE OF PARAMETER

It 1s possible for different vector-valued functions to have the same graph.
For example, the graph of the function
r=3cosi+3sin)j, 0<t<2n === (1) o ==
1s the circle of radius 3 centered at the origin

with counterclockwise orientation. The parameter

t can be interpreted geometrically as the positive pg———— 3
angle in radians from the x-axis to the radius vector. |

For each value of t, let s be the length of the arc //
subtended by this angle on the circle e

The parameters s and t are related by

= % 0<s<o6n

If we substitute this in equation (1), we obtain a vector-valued function of the parameter
s, namely

r=3cos(s/3)i+3sin(s/3)j, O<s<bn
whose graph is also the circle of radius 3 centered at the origin with counterclockwise
orientation .In various problems it 1s helpful to change the parameter in a vector-valued
function by making an appropriate substitution. For example, we changed the parameter

n s . :
above from t to s by substituting 7 = Emequanﬂn(l)-

In general, if g 1s a real-valued function, then substituting t = g(u) in r(t) changes the
parameter from t to u.

SMOOTH FUNCTION
When making such a change of parameter, it is important to ensure that the new vector-
valued function of u is smooth if the original vector-valued function of t is smooth. It can
be proved that this will be so if g satisfies the following conditions:

1. g is differentiable.

¢’ is continuous.

¢'(u) # 0 for any u in the domain of g.

The range of g is the domain of r.

If ¢ satisfies these conditions, then we call t = g(u) a smooth change of parameter.
Henceforth, we shall assume that all changes of parameter are smooth, even if it is not
stated explicitly.

=W

ARC LENGTH

Because derivatives of vector-valued functions are calculated by differentiating
components, 1t is natural to define integrals of vector-functions in terms of components.
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EXAMPLE: If xf([) and yr(t) are continuous for a<t<b, then the curve given by the
parametric equations

Xx=Xx(t), y=y() (a<t<b) 9)
has arc length

ol [T s

This result generalizes to curves in 3-spaces exactly as one would expect:

If :{;(t}. y#(t], and zﬁ(t) are continuous for a <t < b, then the curve given by the parametric
equations

X=x(1)., y=wy(t). z=z(1) (a<t<h)

has ﬂ[{I length

L= _[ ‘\/ dt (dz)j dt (12)

EXAMPLE : Find the arc length of that portion of the circular helix
X = cos i, y = sin t, z=t

Fromt=0tot=m=n

The arc length i1s

L= _[7 ’\/ _ Gﬂ dt :_L \ﬁ—sint)1+{cﬂ&;t)1+ldt
=,L\Edt=\ﬁn

ARC LENTH AS A PARAMETER .

For many purposes the best parameter to use )
for representing a curve in 2-space or s AR P ":_',,_.ﬁ'**
3-space parametrically is the length of g f:ﬂ.p-*

arc measured along the curve from some T

fixed reference point. This can be done as follows:

Step 1: Select an arbitrary point on the curve C to serve as a reference point.

Step 2: Starting from the reference point, choose one direction along the curve to be the
positive direction and the other to be the negative direction.

Step 3: If P is a point on the curve, let s be the “signed™ arc length along C from the
reference point to P, where s is positive if P 1s in the positive direction from the
reference point, and s is negative if P is in the negative direction.

By this procedure, a unique point P on the curve is determined when a value for s is

given. For example, s = 2 determines the point that 1s 2 units along the curve in the

3
positive direction from the reference point, and s = — 5 determines the point that is >

units along the curve in the negative direction from the reference point.
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Let us now ftreat s as a variable. As the value of s changes, the corresponding point P
moves along C and the coordinates of P become functions of s. Thus, in 2-space the
coordinates of P are (x(s). y(s)). and in 3-space they are (x(s), y(s), z(s)). Therefore, in 2-
space the curve C is given by the parametric equations X = X(s), y=y (s)

and in 3-space by x = x(s), v =v(s), Zz=2z(s)

REMARKS

When defining the parameter s, the choice of positive and negative directions 1s arbitrary.
However, it may be that the curve C is already specified in terms of some other parameter
t, in which case we shall agree always to take the direction of increasing t as the positive
direction for the parameter s. By so doing, s will increase as t increases and vice versa.
The following theorem gives a formula for computing an arc-length parameter s when the
curve C 1s expressed in terms of some other parameter t. This result will be used when we
want to change the parameterization for C from t to s.

THEOREM
(a) Let C be a curve in 2-space given parametrically by
X=x(1), y=y(@®
where x'(1) and ‘_',Fﬁ(t) are continuous functions. If an arc-length parameter s is introduced

with its reference point at (x(to), y (to)), then the parameters s and t are related by
{ -

_ dx)’ ng _
h—j.“ .\/(du) +(du du (13a)

(b) Let C be a curve in 3-space given parametrically by

X=Xx(1), y=y(), z=2z(1)
where x’fft), yf(t'), and z"r(t) are continuous functions. If an arc-length parameter s is
introduced with its reference point at (x(to). y(to), z(to)), then the parameters s and t are
related by

-~ dx\* (dyY (dz)
h—_[“ ’\/(duJ +(du] "I‘(du] du (13b)
Proof

1f t > to, then from (10) (with u as the variable of integration rather than 7) 1t follows that

_[:r ‘\/ (g_if + (gﬁ]z du (14)

represents the arc length of that portion of the curve C that lies between (x(tv), y(to)) and
(x (t), y(t)). If 1 < to, then (14) is the negative of this arc length. In either case, integral
(14) represents the “signed™ arc length s between these points, which proves (13a).

It follows from Formulas (13a) and (13b) and the Second Fundamental Theorem of
Calculus (Theorem 5.9.3) that in 2-space.

fl: = i Error! = Error!
and in 3-space
ds d

_ s 1
dt = di Error! = Error!

Thus, 1n 2-space and 3-space, respectively,
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REMARKS:

_ ds
Formulas (15a) and (15b) reveal two facts worth noting. First, ;ﬁ does not depend on to:
I

: cds . h : -
that is, the value of e is independent of where the reference point for the parameter s is
{

located. This 1s to be expected since changing the position of the reference point shifts
each value of s by a constant (the arc length between the reference points). and this
constant drops out when we differentiate. The second fact to be noted from (15a) and

(15b) is that & > 0 for all t. This is also to be expected since s increases with t by the

dt
remark preceding Theorem 15.3.2. If the curve C is smooth, then it follows from (15a)

and (15b) that % >0forallt.
t

EXAMPLE

x=2t+1, y=3t—2 (16)
using arc length s as a parameter, where the reference point for s is the point (1, — 2).
In formula (13a) we used u as the variable of integration because t was needed as a limit
of integration. To apply (13a), we first rewrite the given parametric equations with u in
place of t: this gives
from which we obtain

x=2u+1l, y=3u-2

dx _ dy

du 7 du

we see that the reference point (1,-2) corresponds tot =to =0
L i

[ BT o= (VT =y ] -y

Therefore, t= S
x.le
Substituting this expression in the given parametric equations yields.

] 2
K—.?.(_\lﬁﬂi +1—-\l1—35+l

1 3
Y--”(\j—ni By
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EXAMPLE: Find parametric equations for the circle x =acost.y=asint (0 <t < 2n)
using arc length s as a parameter, with the reference point for s being (a, 0), where a > 0.
Solution: We first replace t by u in the given equations so that x=acosu,y=asinu
dx , dy
And - =-asinuy, qy —acosu

Since the reference point (a, 0) corresponds to t = 0, we obtain
| | i

S:_[ ’\/(g:;] (“j‘i} du —_[ \f{—asinu)g+(acnsu)3 du =J.adu=au] ) = at
0

0 u=»()

: . . 5
Solving for t in terms of s yields r=—

a
Substituting this in the given parametric equations and using the fact that s = at ranges
from O to 2ma as t ranges from () to 2x, we obtain

X=acos (i ). y=asin ( . ) (O<s<2na)
a a

EXAMPLE
Find Arc length of the curve r (t) = % + tj + %24/6 £ k. 1 <t <3
Here x =t, y =t, z—lfz\/t_ﬁt‘?

dx 2 __\{ dz
T =1 \/_m

Arclenﬂth—,[‘\/ m ] dt—_[ A\JOt* + 1 + 6t dl-_[ \J(BE+ 1) dt

:\1-+1|l (BP+3-(1Y-1=27+3-1-1=28

d
EXAMPLE: Calculate ;- by chain Rule, where r = ¢'i + 4¢j and t = u?

Solution:

dr

I = Eti —_ 4E-Ij

dt

du ~ 20

d d Ya i
dr d: 'c?_t' = (e'i—4ej).(2u) =2ue™i -8ue™j

By expressing r in terms of u
2

r=ei+4e"j

dr

= 2u e — Rue ™
du 2u 3 )|
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LECTURE No. 30

EXACT DIFFERENTIAL
Hz=1f hen dz = —d E_z d
z =1 (x.y), then _67-: X + 3y y
The result can be extended to functions of more than two independent variables.
Hz=1(x, y. w),dz== oF dx+§§dy+*a—z* dw

Make a note of these results in differential form as shown.

Exercise

Determine the differential dz for each of the following functions.
. z=%*4y*

2. z=x"sin2y

3. z=(2x-1)e®

4., z=x"+2y + 3w’

5. z=xy'w

Finish all five and then check the result.

. dz=2(xdx + v dy)
2. dz=x"(3sin 2y dx + 2x cos 2y dy)
3. dz=e"V {2dx + (6x — 3) dy}
4. dz=2 (xdx + Zydy + 3wdw)
5. dz=x"y Gywdx + 2xwdy + xydw)
Exact Differential
We have just established that ifz=1(x,y)
Cz
dz = 61\1 = dx + = By dy

We now work in reverse.
Any expression dz = Pdx + Qdy, where P and Q are functions of x and y, 1s an exact
differenlial if it can be integrated to determine z.

. P_ dndQ—Gi

EP 0z 0Q =z &’z ¢’z

Now By Byax and ax — oxdy and we know that Byox axav
cP  0Q .
Therefore, for dz to be an exact differential ;‘; = and this is the test we apply.

EXAMPLE

dz = (3x” + 4y”) dx + 8xy dy.
If we compare the right-hand side with Pdx + Qdy, then
cP

oy

P=3x"+4y* .. = 8y



Q 3y

Q = 8xy g S

P 20

= _ C,,Q . dz is an exact differential
dy oOx

Similarly, we can test this one.

EXAMPLE
dz = (1 + 8xy) dx + 5x° dy.

From this we find dz is not an exact differential

for dz = (1 + 8xy) dx + 5x* dy

cP
s P=1+8ky . 3y = 38X
_e2 . 0Q
Q=5x g = 10x
---;P -
- ;tf.:Q .. dz 1s not an exact differential
dy O©OX

EXERCISE

Determine whether each of the following is an exact differential.

. dz=4x"y'dx + 3x*y* dy

2. dz = (4x°y4+2xyY) dx+(x*+3xa2y?) dy

3. dz=(15y°e™ 2xy )dx+(10ye™xy)dy

4, dz=(3xe?2y’e™)dx+(2x'e¥2ye™)dy

5. dz=(4y’cosdx+3x°cos2y)dx+(3y-sindx—2x" sin 2y) dy.
1. Yes 2. Yes 3.No 4.No 5. Yes

We have just tested whether certain expressions are, in fact, exact differentials—and we
said previously that, by definition, an exact differential can be integrated. But how
exactly do we go about 1t? The following examples will show.

Integration Of Exact Differentials

dz = Pdx+Qdy wh P—ﬂ—z d .
z = Pdx+Qdy where = an Q_@y

R J- Pdx andalso z =I Qdy

Example
dz = (2xy + 6x) dx + (x* + 2y3) dy.
P :Gaz =2xy+6x .. zz_[ (2xy+6x)dx

. z=x"y + 3x° + f (y) where f(y) is an arbitrary function of y only, and is akin to the

constant of integration in a normal integral.
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Also Q :;—; =x*+2y . z= _[ (x*42y°) dy

4

. Z=Xy + :.';_— + F(x) where F(x) 1s an arbitrary function of x only.
z=x"y + 3x* + f(y) (i)
S
and z=X%y + 5 +F(x) (ii)

For these two expressions to represent the same function, then
4

L
2

and F(x) in (i) must be 3x* already in (i)
g

z=x1_y+3xg+%

f(y) in (1) must be 5~ already in (1)

EXAMPLE
Integrate dz = (8e** + 2xy?) dx + (4 cos dy + 2x7%y) dy.

dz = (8e™ + 2xy”) dx+(4 cosdy+2x°y) dy
L, [
P= == =8e* 4 2xy>
ox
n = J. (8e™ + 2xy~) dx
Loz=2e + xyt + f(y) (1)

CZ "
—_—— = )
Q By 4 cos 4y + 2x7y

b = j (4cos 4y + 2x7y) dy
. Zz=sin 4y + x°y” + F(x) (11)

For (i) and (ii) to agree, f (y) = sin 4y and F(x) = 2e™
| z=2e" + x%y? + sin 4y -

Area enclosed by the closed curve

One of the earliest applications of integration is finding
the area of a plane figure bounded by the x-axis, the curve
y = f (X) and ordinates at x=x) and x=xa2.

AIZJ; lzydx:EEf{x)dx

If points A and B are joined by another curve, y = F(x)

Az = _L f(x)dx
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0 - 0
Combining the two figures, we have
A=A1—-A> -A:I F(_x)dx—j f(x)dx
Il Il
The final result above can be written in the form

A :—¢> vdx

Where the symbol (i indicates that the integral is to be evaluated round the
closed boundary in the positive

|
|
0 Xy X2
EXAMPLE

Determine the area enclosed by the graph of y = x* and

y =4x for x > 0.

First we need to know the points of intersection. These are
x=0andx=2

We integrate in a an anticlockwise manner

crny=x7, limitsx=0tox =2

cay=4x, Imtsx=2tox =0,

A= —(ﬁ y dx = A = 4 square unifs

For A = —‘ﬁ ydx = —Error! = -Error!=4
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EXAMPLE
Find the area of the triangle with vertices (0, 0). (5, 3) and (2, 6).

¥
B -

B2, 0)

3
The equation of OAisy=35 x,BAis y=8-x,OBisy=3x

Then A =- (ﬁ y dx
Write down the component integrals with appropriate limits.

:—‘ﬁ ydx=— Error!
The limits chosen must progress the integration round the boundary of the figure in an
anticlockwise manner, Finishing off the integration, we have
A = 12 square units
The actual integration is easy enough. The work we have just done leads us on to
consider line integrals, so let us make a fresh start in the next frame.

Line Integrals

If a field exists in the xy-plane, producing a force F on a particle at K, then F can be
resolved into two components.Fi along the tangent to the curve AB at K. F: along the
normal to the curve AB at K.

Line Integrals

The work done in moving the particle through a small distance és from K to L along the
curve is then approximately Fi &s. So the total work done in moving a particle along the
curve from A to B is given by

%JEZF; Ss:j-F. ds from Ato B

This is normally written j Fi ds where A and B are the end points of the curve,
AR
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or as J. F: ds where the curve ¢ connecting A and B is defined.
C

Such an integral thus formed, is called a line integral since integration is carried out along
the path of the particular curve ¢ joining A and B.

. Iz_[ dez,[F:ds
AB C

where c 1s the curve y = {(x) between A(x1, y2) and B (x2, y2).
There is in fact an alternative form of the integral which is often useful, so let us also
consider that.

Alternative form of a line integral
It is often more convenient to integrate with respect to x or y than to take arc length as the

variable.

If i has a component

P in the x-direction

Q in the y-direction

then the work done from K to L can be stated as Péx + Qdy

: _[.-xB Fids = IAH (P dx + Qdy)
where P and Q are functions of x and y.
In general then, the line integral can be expressed as

I=IF1d5=j(de+Qd}’)
C C

where ¢ is the prescribed curve and F, or P and Q, are functions of x and v.

Make a note of these results —then we will apply them to one or two examples.



LECTURE No.31
LINE INTEGRAL

The work done 1n moving the particle through a
small distance &s from K to L along the curve

is then approximately Fi 8s. So the total work
done in moving a particle along the curve from
A to B 1s given by

Ia‘_'{ﬁ‘ 2 Fids= _[F: ds from A to B

This 1s normally written I Fi ds where A and B are the end points of the curve, or as ,[ Fi
AB C

ds where the curve ¢ connecting A and B is defined.Such an integral thus formed, is
called a line integral since integration is carried out along the path of the particular curve
c jomning A and B.
= 1= J. F!dK:IFIdS

AB C
where c is the curve y = f(x) between A(x1, y1) and B (x2, y2).
There is in fact an alternative form of the integral which is often useful, so let us also
consider that.

Alternative form of a line integral

It 1s often more convenient to integrate with respect to x or y than to take arc length as the
variable.

If F; has a component ,P in the x-direction ,Q in the y-direction

then the work done from K to L can be stated as Pox + Qdy

Example 1:
Evaluate j (x + 3y) dx from A (0, 1) to B (2, 5)
C

along the curve y = 1 + x7,
Solution: The line integral is of the form

_[ (P dx + Qdy) where, in this case, Q=0 and ¢
C

is the curve y =1+ x%

It can be converted at once into an ordinary
integral by substituting for y and applying
the appropriate limits of x.

1 :l (Pdx+Qdy) :l (x+3y)dx ::[ (x+3+3x%)dx

:[§+Bx+xg};:l 6

159
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Example 2
Evaluate I = _[ (x* +y) dx + (x — y))dy from A (0, 2) to B (3, 5) along the curve y =2 + x.
C

Solution: 1 = l (Pdx + Qdy)

P=x+ y=x"4+24 X=X+ X+2

Q=x—-y’= x—(4+4x+x%) = — (x*+3x+4)

Alsoy=2+x -
. dy = dx and the limits are x=0 to x=3

|
|
I
I
|
THeE
3
I= J- {(x*4x+2) dx = (x*+3x+4) dx} = I —(2x+2) dx =‘—J¢'2 —2_}.:‘ =—9-6=-15

U 0 t]

Example 3
Evaluate I = I [(x*+2y)dx + xydy} from O(0, 0) to B(1, 4) along the curve y=4x~.
C

Solution: In this case, ¢ is the curve y = 4x°, =i = =
. dy = 8x dx ] -
Substitute for y in the integral and apply the limits. [

I :J. {(x*+2y) dx+xydy}
C

also x* + 2y =x7 + 8x* = 9x%; xy=4x’

1= j (‘Jf’ dx + t(4 rl)(Bxdt)) —_[l {9x*dx+32x"dx }= il =94
. | X +x(4x” , ' . = :
They are all done in very much the same way.

Example 4

Evaluate 1 = _[ [(x* 4+ 2y) dx + xydy} from O(0, 0) to A (1, 0) along the line
C
y = 0 and then from A (1, 0) to B (1, 4) along the line x = 1.

| Y
([ } S '
Solution: (1) OA:ciistheliney=0 .. dy=0.
Substituting y = 0 and dy = 0 in the given integral gives. =
] 1 __:.'. A
5 X 1 X
]m,;:_[] x"dx:[‘:s—:L:'j* 0 1
(11) AB: Herecaisthelinex=1 ... dx=0
S Jap =8

4 4 .
For IABZ_‘- {(1+2y)(0) + ydy} =_[] ydy:[}é—:[l =8
)

0
1 o o0 = A ol
Theﬂ[:IﬂA+IAB:3+8—83 & l_?_SS



If we now look back to Example 3 and 4 just completed, we find that we have evaluated

the same integral between the same two end points, but along different paths of

integration. If we combine the two diagrams, we have
where c is the curve y = 4x* and ¢1 + ¢2 are the lines
y = and x = 1. The result obtained were

2 | ==
::g:bﬂﬂdlkﬁfgzzgp
3 3

Remark: The integration along two distinct
paths joining the same two end points does not
necessarily give the same results.

Properties of line integrals
L, !Fds:i[ {Pdx + Qdy}

2, IFds:— I Fds and I [de+Qdy}=I (P dx+Q dy]
AR BA AB BA

1.e. the sign of a line integral is reversed when the direction of the integration along the
path is reversed.
3. (a) For a path of integration parallel to the y-axis, i.e. x =k, dx =0

: _‘-dezﬂ lcz,[Qdy.
C C
(b) For a path of integration parallel to the x-axis, 1.e. y =k, dy

I Q dy=0 .- 1.«::] P dx.

4. If the path r::f integration ¢ joining A to B is dmded into two partq AK and KB, then
Ic = Jag = lak + Iks.

5 .If the path of integration ¢ is not single
valued for part of its extent, the path is
divided into two sections.

y = fi(x) from A to K, y = f2 (x) from K to B.

0.

n X

6. In all cases, the actual path of integration involved must be continuous and single-
valued.
Example 5

Evaluate 1 = _[ (x +y) dx from A(0, 1) to B (0, — 1) along the semi-circle x*+y°=1
C

for x > 0.
Solution: The first thing we notice is that
the path of integration c is not single-valued

we divided ¢ into two parts
(i) y=v/1-x*fromA to K ( x=0 to x=1) -1
(i) y=-+1-x*fromK toB (x=1to x=0)

For any value of x, y=+ \f I — x°. Therefore, DD
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Asusual, I = I (Pdx + Qdy) and 1n this particular case, Q=0
4

1 0 ;

M

—_—
I
(7)) Cmmm—
g
o
-
I
5‘—.
—_—
%
<
[—
|
LS8
L —
) -+
.__.——-'
A
e
|
e —
I
o
L |
"N
| =¥
-

Fe Y
‘\
n/
=5
]

Now by trigonometric substitution, put x = sin 6

dx =cos 0 dO ﬂnd1/l —=x" z\_fl-:f;ﬁu]3 @ =~Jcos” @ =cos

Limits :x=0, 0=0: x=1. ezg

1:2[ A/ 1 —x%dx

|
I
.

72 /2 . .
cosB cost db = 2,[ cos-0do = _[ (1+co0s20)dO= [B +
0 iy

Now let us extend this line of development a stage further.

Example 6
Evaluate the line integral

L= tj; (x°dx — 2xy dy) where ¢ comprises the three sides of the tnangle joining O(0, 0), A (1, 0)
and B (0, 1).

Solution:First draw the diagram and mark in ¢, ¢; and ¢s.

the proposed directions of integration. Do just that. The three se
of the path of integration must be arranged in an
anticlockwise manner round the figure.

Now we deal with each pat separately.

(a) OA:ciistheliney=0

Theretore, dy =0.

Thenl= {i’ (x*dx — 2xy dy) for this part becomes

|
31
= 1
v=f vax=¥] =3

i )
(b) AB:forczistheliney=1-x
Sody =—=dx,

Y

!

L | b

u U U
Iz=_[ {xzdx-kEx(l—dex]:I (x3+2};—2x3)dx=_[ 2x—x)dx= [y = —
] | I
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Note that anticlockwise progression i1s obtained by arranging the limits in the appropriate
order. Now we have to determine I3 for BO.
(c) BO: czisthe linex =0

~dx=0 Igzjl')dy:ﬁ o Iz3=0

: 1 2 1 |
Fmaﬂy,1=11+lz+13:§—§ +0:—*3“ ]:_*3-
Example 7

Evaluate tj; y dx when c is the circle x*+y* = 4.
C

Solution: x> +y*=4 . y=%4/4-% o
y is thus not single-valued. Therefore use / X

y =44 — x* for ALB between a L i P
x=2and x=-—2 and '

y=—2\/4- x* for BMA between \ /
x=-2 El]]d x=2,

L I= J \/ﬁdmf (—\4 - x? } dx

:—?j 4 X~ d}{ :——I-J. 4 X~ d}i

1:-4] 4-x° dx
L}

Put x = 2sinféd — ﬁ—zcmﬂ = dx=2cos# df

dé
When x=0. 0= 2sinf = O0=smnfd —=6=0

When x=2. 2= 2sinf = l=sinf =0=

to | N

7
-

I:—4I J4—45‘m39 2cos8 d = —lﬁj' Jcnslﬂ cos df

X

:—lﬁj cos@ cosd dﬂz—lﬁj cos @ df= — df
()

S’gl‘ 1 + Cos 26

ju39 -
_8.[ (14 Cos26) dO=—8|g + = :—8([£—BJ +—1-(U-U )J
’ , | 2 2

=—4



LECTURE No. 32

EXAMPLES

Example 1: Evaluate I = é {xydx+(14+y*)dy} where c is the boundary of the rectangle

joining A(1.0), B (3, 0), C(3, 2), D (1, 2).

Solution: First draw the diagram and insert ¢1.¢3.¢3.C3.
That give Jd_. 23
Now evaluate 11 for AB: 12 for BC; I3 for CD;
s tor DA; and finally 1.

| Y g
]:(_f’{xydx+(l+y1]dyl ﬂ_'i;__'} - ;E
(a) AB:cipisy=0 . dy=0 SAp =0
(b) BC:caisx=3 . dx=0
2 43
T I rae o Y _ 2 -
..L':—_[j (1+y )dy—[yﬁu 311_43 ..L—43
(¢) CD:caisy=2 Sody=0
!
]
.‘.13:_[ .?.xdx:[xz] =—8 ~I3=-38
; 3
(d) DA:caisx=1 Sodx =0
0
3 P
h:,[ (1+y7) dy:[y + 4 ",
) 34 3
2 2
Finallyl=h+ L+l +1ls= (]—1-43'—8—-4‘_‘?" =-38 s1=-8

Remember that, unless we are directed otherwise, we always proceed round the closed

boundary in an anticlockwise manner.

Line integral with respect to arc length
We have already established that

I= _[ Fus = _[ { Pdx+Qdy}
AB AB

where Fi denoted the tangential force along the curve c at the sample point K(x,y).
The same kind of integral can, of course, relate to any function f(x,y) which is a function

of the position of a point on the stated curve, so that

== _[f{x, y) ds.
C

This can readily be converted into an integral in terms of x:

] = If(x.y]dx = j.f{x.y) j_: dx
C C

ds _ g}:f
where ax = 1 + ( dx
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N Jfixy) dx-f f(x,y)\/ B e [ ISR (1)

Example 2
Evaluate I = _[ (4x-+3xy)ds where c is the straight line joining O(0,0) to A (1,2).
C

d
Solution: c¢ 1s the line y = 2x .. EE =2

Cds ng_
Y _‘\/1+(dx —‘\/?
1

x=1

= I (4x-+3xy)ds= I (4x+31y)(\/_5) dx. Buty=2x
x={l 0
i

for [= _[] {'4x+6x1)('\5) dx = 2\5 _[} (2x43x%) dx = 4\/5

Parametric Equations
When x and y are expressed in parametric form, e.g. x =y (1), y = g(t), then

ds __ [faxy? [y} . . [[@&Y gz)-l
dt ‘\/(dt] +(dt] v ds“\/(dt} +(dl dt
I= J-f(x y) ds= f(x,y)‘\/ ---------------- (2)

Example 3 : Evaluate I = (félxyds where c is defined as the curve x =sin t, y = cos t

between t=0 and tzg .

Solution: We have x =sint .. ﬂ_:: =Ccost,
d
y = cost .. a}[i =—sint
dx) QET_ ;TR Y i B
clt . ( di =+/cos’t+sin’t =1 Cods =dt
2 . .
Y - dx)? QET
. E[f(x,y]dh = _[I f(x.y) \/(dtJ +(dt dt
/4

:J. dsintcostdt = 2_[ sin 2t dt
0

cos 2t T¥*
0 = 0



Dependence of the line integral on the path of integration

We know that integration along two separate paths joining the same two end points does
not necessarily give identical results. With this in mind, let us investigate the following
problem.

Example 4 : EvaluateI = (f {3x* y*dx + 2x’y dy} between O (0, 0) and A (2, 4)
C

(a) along cyi.e y=x?

(b) alongczi.e.y=2x

(c) alongcsie. x=0from (0,0)to (0,4) and y =4 from (0.4) to (2,4).
Solution:

(a).First we draw the figure and insert relevant information.

I= j {3x%yidx + 2x’ydy}
C

The pathcrisy=x* .. dy =2x dx
2

2
. :j {3xlx4dx+2x'3xlzxdx}=f (3x°® + 4x°) dx

() (1

so= [x?];:lza S Ti=128

(b) Here the path of integration is c2, i.e. y = 2x
So, in this case, for with c2, y =2x .. dy =2dx

-

= _L (3x” 4x° dx + 2x” 2x 2dx ]

:_[}(12:-14 dx + 8 x” dx}

:J” 20 x* dx= 4[35]:: 128 . I=128
I

(c) In the third case, the path cz is split

x =0 from (0.0) to (0, 4),

y =4 from (0. 4) to (2, 4)

Sketch the diagram and determine I3.
from (0,0) to (0,4) x=0 ... dx=0 ... 13:=0
from (04) to (2.4) y=4 .. dy=0

I;h:_‘: 48x~ dx = 128
s B=0+128 =128

In the example we have just worked through, we took three different paths and in each
case, the line integral produced the same result. It appears, therefore, that in this case, the
value of the integral is independent of the path of mmtegration taken.
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We have been dealing with I = _[ {3x%y?dx+2x’ydy]
C

On reflection, we see that the integrand 3x” y* dx + 2x°y dy is of the form P dx+Q dy
which we have met before and that it is, in fact, an exact differential of the function

0Z 0z .
— 32 Y8 _ a2 Y2 _ 5.3
z=Xx"y", for 5K-3Kyanday =2X"y

This always happens. If the integrand of the given integral 1s seen to be an exact
differential, then the value of the line integral 1s independent of the path taken and
depends only on the coordinates of the two end points.
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LECTURE No.33

EXAMPLES

Example 1: Evaluate I = ,! {3vdx + (3x+2y)dy} from A(1, 2) to B (3. 5).

Solution: No path is given, so the integrand is doubtless an exact differential of some

: oP
function z = f (x,y). In fact = _ 3= Q

p We have already dealt with the integration of
y ox

exact differentials, so there is no difficulty. Compare with [ = _[ (P dx + Qdy}.
&

P=5_=3¥ it 2 :J Jydz=3xy+i(y) = - (1)

D (P |";";JJ

Q= E;‘; =3x+2y ..z= I (3x+2y) dy = 3xy + y*+F(x)  ---=(ii)

For (i) and (ii) to agree fly)=y : Fx)=0
Hence z = 3xy + y*

(3.3)

(3.5)
b= j[3ydx+(’ix+7y)dy}—j d(3:¥.y+y“) [3xy+y-] = (45+25) - (6+4) =
Example2: Evaluate I = I{(xz+ye‘)dx+(e"+y)dy} between A (0, 1) and B (1, 2).
C

Solution: As before, compare with_[ {Pdx-+Q dy}.
C

oz X
P="=" =x+ye* L z=73 +yeHf(y)
_E_ X . A d x+f F{ -)
_éy_eﬂ/ Soz=ye + 5+ FX
For these expressions lo agree,
2 3 .3 +11.2)
f(y) = L: F{x):x— Then 1 :['}E.—+}faﬂ+x'1 :2 + 2e
= 0.1

REMARKS: The main points are that, if (Pdx+Qdy) is an exact differential
(a) I= j (Pdx + Qdy) is independent of the path of integration
C

(b) I= 4 (P dx + Q dy) 1s zero.
C

Ifil= J. {P dx + Q dy} and (Pdx + Qdy) is an exact differential,
C

Then I, =- I,

le, + L, =0
Hence, the integration taken round a closed curve is zero,
provided (Pdx+Q dy) is an exact differential.




s I (P dx + Q dy) 1s an exact differential, 4 (Pdx +Qdy)=0

Exact differentials in three independent variables
A line integral in space naturally involves three independent variables, but the method 1s
very much like that for two independent variables.
dz = Pdx + Q dy + R dw is an exact differential of z = f(x, y, w)
P 8Q ¢P JR @R dQ
it = =7 S = 15, =
dy oOXx'ow ox oy ow

If the test 1s successful, then

(a) j (P dx + Q dy + R dw) is independent of the path of integration.
A

(b) 4 (Pdx + Qdy + R dw) i1s zero.
C
Example 3: Verify that dz = ( 3x’yw + 6x) dx + ( x*w — 8y) dy + (x’y + 1 ) dw is an exact
differential and hence evaluate I dz from A (1, 2, 4) to B (2, 1 3).
C

Solution: First check that dz is an exact differential by finding the partial derivatives
above, when
P=3x’yw+6x; Q=x'w-8y;and R=xy+1

P , 5 P
(?._ :3x'“w:i£ = 3X"W .. i :@
C Cx dy  0Ox
5_P I T S a_R ____ ‘; 2 . 5_P ____@
ow ~ T 7ax ~ Y T ew T éx
¢cR .0 .  JdR dQ
=, =X =X SR =%
oy OwW cy Cw
.. dz is an exact differential
Now to find z. ='£j_z :li.)=‘§_:£‘;R=-t?—lZ
oX oy ow
%zBﬁzyw-i-ﬁx Z:I(BXE}/W'I-ﬁX)dK = X yw+3x(y)+F(w)
%zﬁw—ﬁx 5 B j (x’'w—8y)dy = x'yw—dy-+g(x)+F(w)
0z ;
a:};—*yﬂﬂl Sy B j (x*y+1Ddw =y yw+wH(y)+g(x)

For these three expressions for z to agree
fly)==4y%;  F(w)=w; g(x) = 3x°

"" " |
Z=XyW + 3x* —4y- +w
2.1.3)

1= [xdyw+ 3x1—4-y1+w]‘
(1.24)

(2.1.3)

for I=|x‘yw+ 3x3—4y3+w] = (24+12-4+43)—(843-16+4)=36
(1.2.4)

The extension to line integrals in space 1s thus quite straightforward.
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Finally, we have a theorem that can be very helpful on occasions and which links up with
the work we have been doing. It 1s important, so let us start a new section.

Green’s Thorem

Let P and Q be two function of x and y that are finite

and continuous inside and the boundary c of a region

R in the xy-plane.If the first partial derivatives are

continuous within the region and on the boundary,

then Green’s theorem states that. ¢

[[2-29) sy =g ass e x

That 1s, a double integral over the plane region R can be transformed into a line integral
over the boundary c of the region and the action is reversible.

Let us see how it works.

EXAMPLE 4

Evalvate 1 = 4{(‘23 - y)dx + (2y+x)dy} around the boundary c¢ of the ellipse
c

x? + 9y? = 16.
Solution: The integral is of the form

P %
l-(j[de-LQdy) whereP=2x -y .. S—y =—land Q=2y+x .. ;%:J.

1 .- II(“P —Q]dxdy_ ”(-1-1):1:: dy_Z_”dx dy = 2A

But _[ _[ dx dy over any closed region give the area of the figure,
R

In this case, then, I = 24 where A is the area of the ellipse (A = 7 ab)

=1

3 g x N =
X419y’ = 16i.e. 77 16 16_1
4 167 32n
. a=4; l:1:3 L A=mab=—"F" 3 ., = 3

To demonstrate the advantage of Green’s theorem, let us work through the next example
(a) by the previous method, and (b) by applying Green’s theorem.

Example 5: Evaluate I = (5 [(2x+y) dx+(3x-2y) dy} taken in anticlockwise manner
C
round the triangle with vertices at O (0.0) A (1,0) B (1. 2).
Solution: I = é {(2x +y) dx + (3x — 2y) dy}
C
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(a) By the previous method

There are clearly three stages with ci.cz,cz. Work through the complete evaluation to
determine the value of 1. It will be good revision. When you have finished, check the
result with the solution in the next frame. [ = 2

(a) (crisy=0 Sody=0
!
1
: 112.[2de:[33] =1 = T1=1
0
(1) caisx=1 .. dx=0

o

(i
- b= 3-2y) dy=|3y-y?] =2 - =2
0 I

(i) czisy=2x .. dy=2dx
0

R i :_[ {4x dx + (3x — 4x) 2 dx}
1
()

= jzxdx: 2]

!
I=1li4+b+hh=142+-1)=2 .- 1=2
Now we will do the same problem by applying Green's theorem. so more
(b) By Green’s theorem

1:4 ((2x +y) dx + 3x = 2y) dy}
C

0
=—1 o~ Iz=-1
[

P=2x+y .. e I

o
Q=3x-2y. 22=3
-2

4

- — g(l—EJ dx dy=2 ,R”dx dy =2A

—

= 2 x the area of the triangle = 2 x [%xlﬂ} =2

2 =2
Remark: Application of Green’s theorem is not always the quickest method. It is useful.
however, to have both methods available.
If you have not already done so, make a note of Green’s theorem.

”@E—ZQ) dx dyz—(j (P dx + Qdy)

R X, C

Note: Green’s theorem can, in fact, be applied to a region that is not simply connected
by arranging a link between outer and inner boundaries, provided the path of integration
1s such that the region is kept on the left-hand side.
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LECTURE No.34

EXAMPLES

Example 1: Evaluate the line integral I = (f{xy dx + (2Zx — y) dy} round the region
C

bounded by the curves y = x* and x = y* by Green’s theorem

Solution: Points of intersection are O(0, 0) and A(1, 1). IS AL
Jie= (;F{xydx-l-{?.x—yjdy} 1
C
2P aQJ —
=4 {Pdx+ Qdy}=- ( - dx d . |
‘é{ Qdy} .[[I By O y
¢ . 9Q _
P=xy " By =xX; Q=2%-y & E‘Jx_z
Ix’:\}:r.
l:—”{x—z)dxd}rz—,[_[ ,(x=2)dydx Y
R Y v=xT
. Yx ¥
:—L (x—2)[y] jrd;slt
1 X I 1] ¥ 1 )
% I= —J (x —2) (\/?—xz) dx.= —I (x32 = x? —2x12 4+ 2x%) dx
() {1
_ (Z2.sn 1 43;*1231_2
“[5“ 4T3 3 Teo
In this special case when P=y and Q=-x so ?g:l andL—Q:—l

OX
Green’s theorem then states j _[ {1-(=1)}dxdy :—‘i (P dx+Q dy)
R C

1.e. Z'dedy:—(j(ydx—xdy'} =(§ (X dy — y dx)
R ¢ C

|
Therefore, the area of the closed region A = I I dx dy = *4 (x dy —y dx)
R =.C

Example 2: Determine the area of the figure enclosed by y = 3x* and y = 6x.
Solution: Points of intersection: 3x*=6x .. x=0 or2

|
AreaA:E g (x dy — v dx)

We evaluate the integral in two parts, 1.e.
OA along ¢y and AO along c>




sa=| (xdy-ydx) [ (xdy-ydx) _

¢y (along OA) Cy (dlong OA)
Iitciisy= 3){' s dy =6x dx

2

¥ —J.(ﬁxdx—}s dx)—j 3x° dx—[x ] =8.. h=8

0
Similarly, f:;::r c2isy=6x .. dy=6dx

I» = _[(ﬁxdx—ﬁxdx):

I2=0 "

[=1h+[=8+0=8
. A =4 square units

Example 3: Determine the area bounded by the curves y = 2x3, y = x* + 1 and the axis
x=0forx>0. v AlY. 2)

Solution: Hereitisy=2x" y=x"+1: x=0 - '
Point of intersection 2’ =x7+1 = x’=1 .~ x=1

|
AreaA:;(i(xdy—ydx} ?.A:d (x dy — y dx)
o C

(a) OA:crisy=2x" .. dy=6x"dx
I

.‘.Izzj (xdy —ydx):,[] (6x7dx-2x"dx) = _L 4x3 dx = [ x* ]; = 1
&)

Slp=a

(b) AB Cﬁisy x'+1 ody=3x"dx
0

j x 7 1 l

: (3x*dx — (x*+ 1)dx) = (21 — 1) dx —_[E'—x} =—(‘;—1]=§

1

2

(c) BO: caisx=0 .. dx
v=)

=
|l

0

Iz =_[ ! (xdy —ydx)=0 .. 13=0

| | 3
L 2A=I=hi+h+li=145 +0=15 .. A= square units

Revision Summary
Properties of line integrals
e Sign of line integral is reversed when the direction of integration along the path
is reversed.

e Path of integration parallel to y-axis, dx=0 .. 1. = _[ Q dy.
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e Path of integration parallel to x-axis,dy =0 .. L :j P dx.

e Path of integration must be continuous and single-valued.

e Dependence of line integral on path of integration.

e In general, the value of the line integral depends on the particular path of
integration.

» Exact differential
If P dx + Q dy is an exact differential, then

oP &
(a) t=2d

oy Ox
(b) 1= j (P dx + Q dy) 1s independent of the path of integration
(c) 1= (;F (P dx + Q dy) is zero.

C

» Exact differential in three variables.
IfPdx + Qdy+ Rdwisan exactdifferential

P _2Q P _R R _AQ
Way “ax * ew —ox’ ay ow

(b) _[ (P dx + Q dy + R dw) 1s independent of the path of integration.

(c) 4 (Pdx + Qdy + R dw) 1is zero.
C

¢ Green’s theorem

‘i (P dx+Q dy)=— J f oF

{.'i'

_R
0

- }dx dy and, for a simple closed curve,

(;F (xdy—ydx):ZdedyziA
C R

where A is the area of the enclosed figure.
Gradient of a scalar function

e .0 .8 8
Del operator is givenby V= [l 3y 1 @}’+ k E?J
Vo =grad ¢ = [1——%]..—%];&3][]) j+1ﬁ£ k:z

grad ¢ =V = _d‘J‘ % . i

: + p j+=
y oz
Div (Divergence nf a vectur funetion)

If A = aii + a2j + ask , then

. 4 .0 .0 . )
divA=V.A= (1 3% j..y+ kﬂ] (Hll + a2] + ask

* ca|; cax oaz
.‘.1:;!1".f'}’1='5".ﬁs:j o
cx oy o0z
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Note that
(a) the grad operator V acts on a scalar and gives a vector
(b) the div operator V acts on a vector and gives a scalar,

Example 4: If A = x’yi — xyzj + yz'k, then find Div A.
Solution:

Div A = VA_E(A 1]—i{w"‘)+£_(\ )=2Xy — XZ 4 2yz

cx dy CZ

Example 5: If A = 2x%yi — 2(xy*+ y'z)j+3y "z 'k, determine V.A i.e. div A.
Solution: A= 2x7yi — 2(xy”+ y'z)j + 3y'z'k
Oax Oay ch
VA= o T a2
Such a vector A for which V.A = () at all points, 1re. for all values of x, y, z, is called a
solenoid vector. 1t 1s rather a special case.

= 4xy — 2(2xy+3y>z) + 6y’z = 4xy — 4xy — 6y z+6y’z =

Curl (Curl of a Vector Function)

The curl operator denoted by V x A, acts on a vector and gives another vector as a result.
If A= aji + a2j + ask then curl A—?xA

l.e. curl A=VxA= [ Eﬂx +] E“Jy+ kGZJ (mi + azj + aak_)
i i k
e 2 2
| dx oy 0z
ar a3

a2
.(Cdaz Oa2) .{Ga1 cCa3 dax Cai
' ?"A“[ay } 5ZJ i (E?z B ax] +k(6x B ay]

Curl A 1s thus a vector function.

Example 6: If A=(y*—x"z")i+(x*+y~)j—x"yzk, determine curl A at the point (1,3, =2).

i j k
S a ° 9
Solution: Curl A=V xA= % By PN

yd—x'z" Xy —Xyz

Now we expand the determinant

6' a 2D
-] {_ (— x"yz) g (y* - x“r)}

VxA=i 2y (— x7yz) — 3 (x +}ﬁ)-

@ 2 2 @4 2o
+k]5x(x +y)—5y(y - XZ7)

VxA=i{—x"z)—j{—2xyz+2xz}+k(2x4y’). .. At(l, 3, =-2),
VxA=i(2)-j(12-4)+k (2-108) =2i-8j—- 106k

Example 7:



